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1. Euclidean Spaces

Basic Notions and Definitions

A Review on the algebraic structures

Here in this chapter I will be covering the details of some notions that was challenging for me do
digest in the first read.

Definition 1.1 — Axioms of Group. Group is a set A along with a binary operation x : Ax A — A
that satisfies the following properties. Let a,b,c € A, then

o Associativity: ax (bxc) = (a*b) xc.
¢ Identity element: 31 € A such that

lxa=ax1=a.

e Inverse element: Va € A 3a € A such that
axa=a*xa=1.

® Remark 1.1 A set along with a binary operation that does not satisfy any properties is called a
magma. If the binary operation is only associative, then we are dealing with semi-group. If the
binary operation has an identity element as well, then we call this algebraic structure as monoid.

Definition 1.2 — Axioms of Ring. A ring is a set R along with two operations +: R X R — R
and * : R x R — R, where

e (R,+) is an Abelian group.

e (R,*) is a monoid.

o The operator (x) has distributive (left and right) law over (4) i.e.

ax(b+c)=(axb)+ (axc), (b+c)xa=(bxa)+ (c*xa).
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® Remark 1.2 Field is a ring where every non-zero element (i.e. inverse element in the (R,+)
group in the ring) has a multiplicative inverse.

Definition 1.3 — Axioms of Module. A module is a group M along with a ring R where the
monoid of the ring acts on M (through scalar multiplication) (i.e. it satisfies the idenity and
compatibility properties) and satisfies the distributive property. Le.

e Compatibility of the monoid action: a,b € R, u € M then

a(bu) = (ab)u.

o Identity of the monoid action: Let 1 be the identity element of the ring R. Then
Yu e M
lu =ul =u.

e Distribution law: a,b € R and u,v € M then

— (a+b)u = au + bu.

— a(u+v) = au+ av.

® Remark 1.3 A module (M, R) is called a vector space, if the ring R is a field.

Definition 1.4 — Axioms of Algebra. An Algebra over field F is a ring A that F acts on it (thus
A has vector space structure as well), where the monoid operation of F' (i.e. multiplication)
satisfies the homogeneity property. l.e. for r € F' and u,v € A we have

r(w) = (ru)v = u(rv).

There are some important observations when combining different algebraic structures with each
other to get a new one. The first is that when we combine two structures with different operators,
then the operators need to satisfy the distributive laws. Also, note that when an algebraic structure
(like group or monoid) acts on another algebraic structure, we need to have the identity and and
compatibility conditions satisfied.

The following diagram shows how different algebraic structures are combined with each other
to produce another structure.
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l Group (G,*)

Ring

Group (G,+)

Monoid (G,*)

- Distribution (*) over (+)

Module

Group (M,+)

Ring (R,*,1)

- Rion @ M with "
- Distribution of "-" over (+)

Algebra

Ring (M,+, %)

Field (F, +, *)

- (My,F) is a vector space
- X in Mo, satisfies homogen cond.

Note that in the figure above, I have used some non-standard notations to make the figure
concise. For instance, the expression “Rpmon@M with -7 means that the monoid structure in
the field R acts on the group M with the () symbol. Or the expression “x in Mpyon satisfies
homogen cond.” means the multiplication operation of the monoid structure inside the ring M
satisfies the homogeneity condition (see the definition of the algebra in Definition 1.4 ). Finally,
M, means the group structure inside the ring M.

Directional Derivative

The notion of directional derivative is very central in generalization of the multi-variable calculus
manifolds.

Definition 1.5 — Directional derivative. Let f : U — R where U C R" and f € C*°(U). Then we
define a directional derivative at p € U and in the direction v € T,(R™) as

D,f o f 1) — f (D)

p t—0 t ~dt t:of(p+ 5.

We denote the set of all directional derivatives at p by D(C5°(U)).

® Remark 1.4 By the chain rule we have

~ ;Of
va’p = iz:;v Ozt (p)

Proposition 1.1 — Directional derivative is R—linear map satisfying the Leibniz rule. A directional
derivative D, at point p is a R—linear operator that maps

feCr—D,feR
such that satisfies the Leibniz rule,

Dy(fg) = Du(f)g + fDu(g)
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Proof. Let D, € D(C;°(U)). Then by the remark above we can write it as
» - ; v 6.’1}7' (p) .

Since each of the partial derivatives above are R—linear and satisfy the Leibniz rule, then D,
inherits those properties as well. O

D'I}f

Tangent Spaces and Derivations

Definition 1.6 — Informal definition of tangent space. Let p € R". A tangent space at p denoted
by T,,(R™) is a linear space containing all of vectors emerging from p.

® Remark 1.5 Note that the definition above is an informal definition of the tangent space. For a
more formal and technical definition, we can use the notion of curves, or the notion of manifolds.
We wont’ touch this level of technicality in the early chapters.

To distinguish between points in R™ and vectors in 7,,(R™) we denote a point p € R™ by
p= P 0",
while for a vector v € T,(R™) we write
v =(v1,V2, " ,Up).

As we observed in Definition 1.5, we have a natural one-to-one correspondence between each
v € T,(R") and a D, € D(C°(U)), i.e. these linear spaces are isomorphic.

Proposition 1.2 Let p € R". The set of all directional derivatives at p, i.e. D(C;°(U)) is
isomorphic to the tangent space at p i.e. T,(R™).

Proof. Proof follows immediately from the following natural association in the definition of the
directional derivative.

n ) af
D, i 2]
f L ;v e (p)

O

Definition 1.7 — Point derivations at a point. Let p € R™, and U an open set containing p. A
derivation at p or a point-derivation of C;°(U) is a linear operator

D:CrU)—R
such that satisfies the Leibniz property, i.e. for f,g € Cp°(U) we have
D(fg) = D(f)g — fD(g).

We denote the set of all such maps as D(Cp°(U)).

® Remark 1.6 We know that a directional derivative at p satisfies the Leibniz rule. Thus D(Cp°(U)) C
D(Cp°(U)). On the other hand, we know that both D and I are linear spaces. So D(C;°(U)) is
in fact a linear subspace of D(C;°(U)). Thus the zero of these two linear spaces match.
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The following Lemma follows form the algebraic property of the point derivation.

I Lemma 1.1 Let D be a point derivation of C3°(U). Then D(c) = 0 for any constant function c.

Proof. Let ¢ be a constant function, i.e. a real number. Since D is R—linear, then we can write
D(c) = ¢D(1). On the other hand, from the Leibniz property we can write

D(1)=D(1-1)=D(1)+ D(1) =2D(1)
Thus D(1) = 0, which implies D(c) = 0. O

The following theorem is very important as it states that all of the point derivations are in fact
the directional derivatives and vise-versa. This is a very interesting result, since we are in fact
stating that an operator is a point derivative if and only if it satisfies an algebraic property. This
means that we can abstract away all of the detailed limit processes in the definition of derivative,
and replace that with an axiomatic requirement which is a purely algebraic property. We can see
these kind of ideas, i.e. axiomatic generalization all over the mathematics. For instance, in the
PDE theory, at some point we need to relax the definition of derivative and talk about the weak
derivatives. To do so, we get an identity that derivatives satisfy and carefully use that identity to
define the notion of weak derivatives.

Theorem 1.1 — The set of all point-derivations is isomorphic to the set of all directional derivatives.

Let p € U C R™. Then D(Cp°(U)) is isomorphic to T),(R™).

Proof. Let ¢ : T,(R") — D(C;°(U)) be a linear isomorphism between the linear spaces. We need
to show that this map is surjective and bijective. To show the bijectivity, we use the fact that a
linear map is bijective if and only if its kernel is a singleton. To find the kernel of the map, let
need to find all points in T),(R™) that maps to the zero of D. As we discussed in the remark of
Definition 1.7, the zero D is the same as the zero directional derivative, i.e. D, = 0. We need
to prove that v is the zero vector, i.e. the zero of T,,(R™). To do this, we apply the D, to the

coordinate functions
) "9t )
_ AN J o
O—Dv(x)—élv pviall
j=

Thus v = 0 € T,(R™), thus ¢ is injective. In other words, the injectivity follows immediately from
T, (R™) being isomorphic to D, and D being a linear subspace of D.

To prove the surjectivity, let D be a point derivation at p, and let (f, V') be a representative of
a germ in Cp°. Marking V' smaller if necessary, we may assume that V' is an open ball, hence star
shaped. By Taylor’s approximation theorem we know there exists C*> functions g;(x) such that

n

f@)=f)+> (@ —pgix),  gip)

i=1

_ 9f
Ozt (p).

From Lemma Lemma 1.1, we know that D(f(p)) = 0 as well as D(p’) = 0. Thus we can write

n

D7) = Y (D)gr(a) + (o ~ p)Dlgi())) = Y Dla)ar(z) = - D) 52 ),

, ; oxt
=1 =1

This is in fact a directional derivative in the direction v = (D(z1), D(2?),--- , D(z™)). So for every
D in D we can find a vector in T),(R™). Thus ¢ is surjective. O
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Observation 1.2.1 Let D be a point derivation of C;°(U). This corresponds to the directional
derivative at p corresponding to the vector

v = <D({IZI),D($2), to aD(xn»

Observation 1.2.2 Let p € U C R”. Then

D(C(U)),

p

T,(R") = D(C°(U))
i.e. they are all isomorphic linear spaces.

Because of the observation above, we identify the standard basis {e!,e2, .- ,e"} with the
partial derivatives {%, %, I 6%}. Thus we can write a vector v € T,(R™) as

’UZZ;U axi'

1.3 Summary

Summary A" 1.1 — Don’t confuse the naming conventions. Note the following different names
that might be confusing in some cases!

e k-linear function = k-tensor = multi-linear function: All of these names are for
functions f : V¥ — R. We denote the set of all k-tensors defined on vector space V as
Li(V). If ot --- o™ are the dual basis for V, then a basis for Ly (V) is

B(Lk(v)) = {ail Q- ® aik}for all multi-indices (41, -+ , k)

Also we have
dim Ly (V) = n*
o alternating k-tensors = k-covectors = multi-covectors of degree k: All of these
names are for function k-linear functions that are alternating. We denote the set of all

k-covectors on V as Ap(B). A basis for this set is

B(Ak(v)) = {ail ARRRNA aik }for all multi-indices (i1, - ,%x) in ascending order

dim A4;(v) = (Z) .

Summary p' 1.2 — Determining sign of permutation. Let o € S;. There we can find the sign
of the permutation by decomposing it into cycles, or counting its number of inversions. For
instance, consider o € Sg where

(1 23456789
97=\2 4937856 1

Also we have
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(i) Determining sign by cycle decomposition. For o we can write it as
c=(12439)(57)(68)=(19)(13)(14)(12)(57)(68).
Since o has 6 transpositions in it, then its sign is even.
(ii) Determining sign by counting the number of inversions. For ¢ the inversions are
(2,1),(3,1), (4,3), (4,1), (5,1), (6,1), (7,5), (7,6), (7, 1),
(8,5),(8,6),(8,1),(9,1),(9,3),(9,5),(9,6),(9,7), (9, 8).

Since o has 18 inversions, then it is sign is even.

Summary #° 1.3 Let f € Ag(V) and g € A;(V). Then

Frg=(E=DMgAf).

In particular, if f is odd-linear function, then

fAf=0.

Summary B 1.4 — Some intuition about the alternating functions. In this summary box, we will
go through a concrete example to make some intuition about the alternating functions and
their basis. Let V = R3, with standard basis {e1, e, e3} and the dual basis {a!,a?, a3}. Let
f € Aa(V). Then we know that we can decompose f in term of its basis

f=giat Aa? + gaat Aa® + gza? Add.
The key step in making the intuition is to observe that for any [ 1-covectors w',--- ,w! we

have (w!' A+ Aw!)(vy, -+ ,v;) = det [w'(v;)]. Thus for the first term in the decomposition of
f(u,v) for u,v € R? we have

(@' A o?)(u,v) = det {Z;(u) Zl(v)} .

(u)

This is the area covered by two vectors that we can get by projecting u, v onto the x — y plane.
With a similar argument, o' A o gives the area between the vectors when projected to the
x — z plane, and etc. The following figure summarizes these in a neat way.

-y

AW

In the figure above, we will get the red, green and orange volumes by applying o' Aa?, a?A
a3, o' Aa? on (u,v) respectively.
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Summary B 1.5 Consider the following n x n matrix

aix  aiz - Qin

a21 QA22 -+ A2p
M =

an1l An2 st Qpp

The, determinant is defined to be

det(A) = Z sign(cr) A15(1)A20(2) - - - Ano(n)
€Sy

Summary ' 1.6 Let V be a vector space, and !, - - - , o be 1-linear functions (i.e. 1-covectors)
defined on V. Then we have

(@ A AP (v, k) = det [ai(vj)] .

In particular, For two 1-covectors we have
1 1
1 2 _ o (v1) o (v2)
(" A a®)(vr,v2) = det LQ o) o

See Problem Problem 1.10 for the a detailed proof.

{al,a? -+ a™} as its dual basis. Let eAx(V) be the set of all alternating k-linear functions
defined on V. Then we have
_ n
dim Ay = (k)

In particular, let V"= R™ with standard basis {e1, es,e3}, and the corresponding dual basis

2

{a!,a? a3}. Then we have

={a' Aot Aad a® Aot

It is clear from the basis sets above that the dimensions of Ag, A, As and Ag are 1,3,3,1
respectively.

Also, observe that Ay = 0 for all £ > n. This follows from the fact that f A f =0 for f a
1-covector.

Summary £ 1.8 Let V be n dimensional vector space with a basis {e1, -+ ,e,}, and {a!, -+ ,a"}
as its dual basis. Let L (V) be the set of all k-linear functions defined on V. Then a basis for
Li(V) is

B={a"®- - -®a'*}

Summary #° 1.7 Let V be a vector space with dimension n, with {eq,--- ,e,} as its basis and ‘
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for all multi-indices (i1, -+ ,4x). This shows that
dim Ly (V) = n*.
For instance, Let V = R2. Then for L (V) we have
B(Li(V)) = {a*,a? a%}.
Similarly, for Ly(V') we have
B(L;(V) ={a'®a? o' ®a® a*®a® a?®at,a® ®al,a® ®a? o' ®at,0® ®a?, 03 ® a?}
For a side by side comparison, compare it with the basis for Ay(V') that is

B(A2(V)) = {a! Aa?,a? Ao?,al Aa?).

of the non-technical people are interested in interpreting tensors as multi-dimensional matrices!
For instance, when V = R? and K = 3, then L3(V) has dimension 2% = 8 with the basis

B(RQ) . {@1 ® ot ®0417041®a1 ®a2,a1®a2®a1,a1®a2®a2,
C ?®adl®ad,d?0a' ®a?,?®a’®al, 0 ®a’ ®a?}

Tt is very tempting to think of elements of L3(V) as 2 x 2 x 2 matrix like structures. In the
case of Ly(V') we can identify Lo(V) with the set of all 2 x 2 matrices.

Summary ' 1.10 — Determinant of a matrix is zero if its column vectors are linearly dependent.
A k-tensor f is alternating if and only if f(vy,---,vr) = 0 whenever two of the vectors
v1,- -,V are equal. With a simple generalization, we can state a more general statement that
f is alternating k-tensor if and only if f(vq,---,vx) = 0 the vectors vy,--- , v are linearly
dependent.

As an important (and simple!) Corollary for this statement, we can conclude that deter-
minant of an n x n matrix (which is an alternating n-tensor) is zero when its column vectors
are linearly dependent.

Summary B 1.11 Let U C R"™ open, and let {z1,---,z,} be standard basis for R", and
{a',---, 2"} the standard dual basis. Let p € U. Then for T),(R") and T};(R™) we have

BT, R") = {2

~ Yo,

BT ®") = {dz'] .- da”

P’.” 7%'17}7 P}'

Summary B 1.9 Looking at the dimension Ly (V), La(V), - -, it reveals the fact that why most ‘

Solved Problems

® Problem 1.1 — Algebra structure on C;°. Define carefully addition, multiplication, and scalar
multiplication in C;°. Prove that addition in Cp° is commutative.

Solution  First, note that the elements of Cp° are actually the equivalence classes, where two
functions are equivalent if they both define the same germ.
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o For the definition of the addition, we can use the point-wise addition of the functions. How-
ever, we need to check to see if this definition is well-defined (i.e. the result of the addition
of two functions does not depend on the choice of representative of the equivalence class).
Let fi1, f2,91,92 € Cp° where fi and f, define the same germ, and similarly for g; and gs.
Then, we claim that f; + g; define the same germ as fs + go. That is because for f1, fo there
is an open set U; containing p where fi(z) = f2(x) VYo € U. Similarly, there is an open set
U, that contains p and for all z € Uy we have g1 () = go2(x). Let W = Uy N Us. Then on for
all x € W we have fi(x) + fa(z) = g1(x) + g2(x). Hence fi + g1 defines the same germ as
f2+ ga.

e For the scalar multiplication, we can use the notion of scalar multiplication in functions,
and following an idea similar to the reasoning above, we can show that this definition is
well-defined.

« For the multiplication on C° we can use of the point-wise multiplication of functions as the
definition, and with a similar reasoning to the one in item 1, we can show that this definition
is well-defined.

For the commutativity of the addition on CJ°, we need to emphasis that it follows immediately
from the commutativity of the point-wise addition of functions.

® Problem 1.2 — Vector space structure on derivations at a point. Prove that the set of all point
derivatives is closed under addition and scalar multiplication.

Solution Let D and D’ be derivations at p € R™, and define D = D + D'. Let f,g € Cp°. Then
we can write

D(fg) = (D+D')(f9)
On the other hand we have
D(fg) =D(f)g+ fD(g),  D'(fg)=D'(f)g+ fD'(g).
Adding two equations we will get
D(fg) + D'(fg) = (D(f) + D'(f))g + f(D(g9) + D'(g))
Defining D = (D + D')(f) = D(f) + D'(f) we will get
D(fg) = D(f)g + fD(g)-

which shows that D is also a point derivation at p. For the scalar multiplication, let » € R and
define D = rD. By defining (rD)(f) = rD(f), we can write

(rD)(fg) =rD(fg) =rD(f)g+rfD(g) =rD(f)g+ frD(g),

which shows that rD also satisfies the Leibniz property, this it is a point derivation.

® Problem 1.3 Let A be an algebra over a field K. If D; and Dy are derivations of A, show that
D1 o Dy is not necessarily a derivation (it is if Dy or Dy = 0), but Dy o Dy — D o Dy is always a
derivation of A.

Solution
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B Problem 1.4 Find the inversions in the permutation 7 = (1 2 3 4 5).

Solution This permutation can be written as

1 2 3 4 5
2 3 45 6/)°

Thus the number of inversions can be written as (2,1),(3,1), (4,1), and (5, 1).

® Problem 1.5 Let f: V¥ — R be a k-linear function defined on vector space V. Show that the
following functions is alternating.

Af = Z sign(o) of

o€Sk

Solution Let 7 € S;. Then

= Z sign(o) (o) f = Z sign(o) sign(7) sign(7) (7o) f = sign(r Z sign(ro) (1o)f

o€Sk oES o€Sk

Note that since in the sum above ¢ runs through all permutations S, so does 7. Thus we can
write

T(Af) = sign(7)(Af).
This shows that Af is alternating.

® Problem 1.6 Let f: V* — R be a k-linear function. Show that Sf given below is symmetric.

Sf=> of.

o€Sk

Solution Let 7 € Si. Then we

T(Sf)= Y rof =Sf.

g€Sk

Note that the last equality above holds, since o rums through all permutations Sy and so does To.

B Problem 1.7 If f is a 3-linear function on a vector space V and vy, v2,v3 € V, what is (Af)(v1, v, v3)?

Solution

(Af)(v1,v2,v3) = f(v1,v2,v3)— f(v2,v1,03)+ f(v3, v1,02) — f(v1, V3, v2)+ f(v2, v3,v1)— f(v3, V2, 01)

B Problem 1.8 Show that the tensor product of multi-linear functions is associative: If f, g, and h
are multi-linear functions on V', then

(fegeh=[f(g®h).
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Solution We start with the left hand side. I.e.

(f@g)@h) (v, Vktiem) = (f @ g) (1, V) Rkkyig1, -+ Kitim)
= (f(vb o UR) g (Vs 7’Uk+l)>h('0k+l+17"' s Vktit+m)
flog, -+ 7Uk)(g(vk+17"' s Ok (Vkg141, 7'Uk+l+m))

=(f@(@®@h)(vi, -, Vksiym)-

® Problem 1.9 Consider following two ways that we can express the sum in the wedge product
formula. Let f € Ax(V) and g € A;(V). Then the wedge product f A g can be written as

1 .
(fAg) o1, vent) = o > sign(0) o f (Vo)s s Vo) 9(Wo(ir1)s s Volkin)):
o o€Sk

Or, alternatively, we can write it as (k,!)—shuffle

(f A g)(vla to 7vk+l) = Z sign(o) Uf(va(l)a o 7vo(k))g(vo’(k+1)’ T avo(k—i-l))'
(k,l)—shuffles o

Now, as a concrete example, let f,g € Ay(V). Write f A g in these two forms.

Solution First, we want to use the sum on the all permutations.

4(f N g)(v1,v2,v3,v4) = f(v1,v2)g(v3,v4) — f(va,v1)g(v3,va) + f(v2,v1)9(v4,v3) — f(v1,02)g(va, V3
—f(v1,v3)g(va, va) + f(v3,v1)g(v2,v4) — f(v3,01)9(va, v2) + f(v1,03)9(va, V2
+f(v1,v4)g(v2,v3) — f(va,v1)g(v2,v3) + f(va,v1)g(v3,v2) — f(v1,v4)g(v3, V2
+f(v2,v3)g(v1,va) — f(v3,v2)g(v1,v4) + f(v3,02)g(va, v1) — f(v2,v3)g(va, 01
—f(v2,v4)g(v1,v3) + fva,v2)g(v1,v3) — f(va,v2)g(vs,v1) + f(v2,v4)g(v3, v

Note that in every row, the functions are equal to each at (because f, g are alternating). Thus we
have the factor of 4 not to count the redundant terms. However, we can do this sum using the
(2,2)-shuffles. This means that we only keep the very first column, as their argument permutation
is the same as all (2,2)-shuffles on 4 symbols. Thus we can write

(f A g)(v1,v2,vs,v4) =f(v1,v2)g(vs,va) — f(v1,v3)g(v2,v4) + f(v1,04)g(v2,v3)
+f(v2,v3)g(v1,v4) — f(v2,v4)g(v1,v3)
+f(v3,v4)g(v1, v2).

Observation 1.4.1 How do we count the (2,2)-shuffles of {v1,v2,v3,v4}? We start by a vertical
line where in its left side we put vy, v2 and in its right side we write vs, v4. Like the following
table. This is already a shuffle (identity). To write the next shuffle, we keep v; in the first
position, and write the next symbol whose its subscript is larger than 2 (i.e. v3), and write
the remaining symbols in the right hand side of the vertical line in increasing order. Then we
continue this process, until there are no possible shuffles for its first element be v;. Then we
put v in the first place and right next to it we write the next symbol that its subscript is
larger than 2 (i.e. v3), and we continue.
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U1, U2 V3, V4
V1,V3 | V2,V4
V1,04 | V2,03

V2, V3 V1, V4
V2, Vg V1,73

U3, V4 U1, V2

In order to find the sign of the each of these permutations, it is enough to extract the
independent cycles. For instance, consider the following shuffle, corresponding to last row

above.
(1 2 3 4
77\3 41 2

This permutation is the same as the permutation given by the cycle 7 = (1 3)(2 4). To extract
this we start with 1 and track where it goes, and we do this tracking until we get back to 1.
Then we start this process with the remaining element until we get all of the cycles. This cycle
decomposition of 7 clearly shows that 7 is an even permutation (can be written as 2 cycles).
However, in the case of vs, vy, v1,v3, the corresponding permutation is

(1 2 3 4
T=\2 4 1 3)

We can write this as 7 = (1 2 4 3). As with every cycle, we can decompose this into smaller
cycles (not necessarily independent) as 7 = (1 3)(1 4)(1 2). This shows that this particular
permutation is odd.

B Problem 1.10 — Wedge product of covectors and determinant. Let V be a vector space and let
BBt € A1(V). Prove that

(BEA - A B (1, o) = det [5(v))]

Solution This follows simply from the definition. From the definition of wedge product we have

(B A ABY = A[B (v1) - Bl w)] = D sign(0)8 () -+ B (Vo)) = det [B7(v))]

ogEeS;

where [3%(v;)] is | x | square matrix.

® Problem 1.11 Verify

fag=(=D"gAS)
for f and g being k and [ linear maps correspondingly. Do this verification by considering f € As(V)
and g € A1 (V).

Solution For f A g we can write (using (2, 1)-shuffles)

(f A g)(v1,v2,v3) = f(v1,v2)g(vs) — f(v1,v3)g(v2) + f(va,v3)g(v1).

However, for g A f, we can use (1, 2)-shuffles to show

(g A f)(v1,v2,v3) = g(v1) f(v2,v3) — g(v2) f(v1,v3) + g(vs) f(v1,v2).



18 CHAPTER 1. EUCLIDEAN SPACES

Evaluating two expressions above reveals that f Ag=gA f.

® Problem 1.12 — Tensor product of covectors (from W. Tu). Let e1,e9,--- , e, be a basis for vector
space V and let al,---,a™ be its dual basis in VV. Suppose [gi,j] € R™ "™ is an n X n matrix.
Define a bilinear function f: V x V — R by

flv,w) = Z gi jv'w?

1<ij<n
for v = Y vle; and w = Y w’e; in V. Describe f in terms of the tensor products of o’ and a7,
1<4,5 <n.
Solution We know that v® = a’(v), and similarly w’/ = of(w). So we can write
viw! = ol (v)ed (w) = (o @ o?) (v, w).
Thus the bilinear function can be written as

=) ggaiwd.

1<i,5<n

This bilinear function is very similar to the notion of weighted inner product.

B Problem 1.13 — Hyperplanes(from W. Tu). (a) Let V be a vector space of dimension n, and
f 'V — R a nonzero linear functional. Show that dimker f = n — 1. A linear subspace of V/
of dimension n — 1 is called a hyperplane in V.

(b) Show that a nonzero linear functional on a vector space V' is determined up to multiplicative
constant by its kernel, a hyperplane in V. In other words, if f and g : V' — R are nonzero
linear functionals and ker f = ker g, then g = cf for some constant ¢ € R.

Solution  (a) We can use the Rank-Nullity theorem for the linear function f. This theorem
states that
dimrank f 4+ dimker f = dim V.
We know that dimrank f = 1, and dim V' = n. This implies dimker f =n — 1.
(b) Let f,g be two linear functionals on V' that has the same kernel, which we call it the set
K. Since K is n — 1 dimensional linear subspace of K, then we can find a basis for it, call
it By ={é1, - ,én_1}. Let &, be a vector normal to B;. We can do all of these since V is

n dimensional and we have just modified the basis vectors as described above. Let z € V
where z = Y7 | z;¢;. Thus we have

f(Z) = an(én)ﬂ g(Z) = an(én)

This is true because f(é;) = g(é;) = 0 for all é; € B. Since f, g are non-zero functional, then
we can write

—t = =c for some c € R

Thus we can write

f=cg.
Note that ¢ is determined by é,. é, itself is determined by the kernel of f,g, i.e. the
hyperplane mentioned above.
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Observation 1.4.2 [ have this weird observation that I think it must be wrong, but I don’t
know how! Consider the set of all linear functionals defined on R?. From duality, we know
that this set (denoted by L;(R?)) is isomorphic to R?. But here comes the strange argument
that leads to the non-real observation. As we saw in the question above, every hyperplane
(in this case every line that passes through the origin) determines a linear functional up to a
constant multiplication. On the other hand, we know that the set of all liens passing through
the origin is the real projective plane (which is in fact L;(R?)/ ~ where ~ identifies linear
functionals that are constant multiple of each other), which definitely is not isomorphic to R2.

® Problem 1.14 — A basis for k-tensors (from W. Tu). Let V' be a vector space of dimension n with
basis €1, ,e,. Let al,--- ,a™ be the dual basis for VV. Show that a basis for the space Lj(V)
of k-linear functions on V is {a* ® --- ® a'*} for all multi-indices (iy,i2,--- ,ix). In particular,
this show that dim Ly (V) = n*.

Solution To show this, we need to show that the basis vectors are linearly independent, and spans
all Li(v). To show the linear independence, consider the following linear combination of all basis
vectors, where the total sum is set to zero.

Z Cip i@ @ ®@a™ =0,

where the sum is done on all of the multi-indices (i1,--- ,4x). This sum implies that all of the
coefficients are zero. We can see this by applying (ej,,--- ,e;,) to both sides. We have

(ail ®"'®aik>(ej17"' 7ejk) =0

if there is any mismatch between the multi-indices I, J. This implies Cj, ... j, = 0 for all multi-
indices. Thus we can conclude that the basis vectors are linearly independent.
To show that the basis vectors span all the space Li(V), let f € Lx(V) be any k-tensor. Define

QZZf(em“' ;eik)ail R ®al,

We can see that
glejy,..rei.) = flej, -, e5) for all multi-indices

From linearity we can deduce that f = g. Thus the basis vectors span the whole space.

® Problem 1.15 — A characterization of alternating k-vectors (from W. Tu). Let f be a k-tensor on a
vector space V. Prove that f is alternating if and only if f changes sign whenever two successive
arguments are interchanged

f( avi+lavi7"'> :_f( 7’Uiavi+17"')-

Solution The first direction follows immediately from the definition. I.e. assume f is alter-
nating. Then sign of the permutation corresponding interchanging two successive arguments is
a single transposition which has sign -1. Thus from definition we have f(--+ ,vi41,v4 ) =
—F (0, Vi, ).

For the converse, first observe that we can decompose arbitrary permutation to cycles, and then
decompose cycles into transpositions. Eventually, we can decompose every transposition to trans-
position of adjacent elements. See the Lemma below
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Lemma 1.2 — Decomposing arbitrary transposition to transposition of adjacent elements. Let 7 =
(k 1) be an arbitrary transposition where k& < I. Assume that k,l are m distance apart (i.e.
Il —k =m). Then we can write

kl)=(kk+1)-(k+1k+2)---(I—-10)-(1-21-1)---(kEk+1).
Thus (k 1) can be decomposed to 2m — 1 adjacent transpositions.
Let o € Sk be an arbitrary permutation. We can decompose it to the following permutations
0O =T1T2 " T,

where from the number of permutations we can see that sign(c) = (—1)'. Let 7; be one of the
transpositions above that interchanges two elements m distance apart. Then

nf=(=1)"""f =~
This follows immediately from the Lemma above. Thus we can write
of = (=1)'f = sign(0) .

This shows that f is an alternating k-tensor.

® Problem 1.16 — Another characterization of alternating k-tensors (from W. Tu). Let f be a k-tensor
on a vector space V. Prove that f is alternating if and only if

flor, - v) =0
whenever two of the vectors vy, --- , v, are equal.
Solution We first start with the forward direction. Assume f is alternating. Thus for o € Sj, we

have o f = sign(o) f. Without loss of generality, we can assume ¢ < j and let (vy,- - , v, ,vj, -+ , %) €
V* where v; = v;.Thus we can write

f(vl7"'7via"'ana"'7vk):f(v1a"'7’Uj7"'7’Ui7"',’Uk)-

Furthermore, let 7 = (v;,v;), i.e. a transposition that interchanges v; with v;. Hence

f(vla"' s Uiyttt 5 Uj, 00 7Uk):7-f(vl7"' yUjy s Vgt 7”7{:)
:_f(vh'" 7Uj7"' s Uiyttt 7’Uk).
This implies
f(vla"' s Uiyttt 7Uj7"' 7Uk>:f(vl7"' avja"' s Uiyttt avk)zo

To show the converse, let 0 € S; be any permutation. We can decompose this permutation
into transpositions, i.e. ¢ = 7475 - -7.. Let 7 be any of transpositions above that permutes (i 7).
Let (v1,-++ 04, ,vj,-++ ,v5) € VF. Since V* is a vector space we can write

(Ulv"' s Uiy e U, 0 ,Uk)—('Ul,"' s Uiyttt Uyt avk)_(vla"' s Ujys s U5y 7Uk') :_(Ulv'“ s Vg, s 5 Ugy o

Applying f to both sides, and using the hypothesis and k-linearity of f we will get

f(vla"'7Uia"'7Uj7"'7U]€):_f(vla"'7Uj7"'7Uia"'7Uk):_7—f(vla"'7’U’L'a"'7vj7"'7vk)'

Thus for each transposition in the decomposition ¢ = 7175 - - - 7 we will get a factor of -1. Thus

of =(=1)"f =sign(o)f
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B Problem 1.17 — Wedge product and scalars (from W. Tu). Let V be a vector space. For a,b € R,
f € A(V), and g € Ay(v), show that af Abg = (ab)f A g.

Solution This follows immediately from the definition of wedge product.

af Nbg = 1A (af ©bg) = 12 A ©.9) = (ah)f Ag.

® Problem 1.18 — Transformation rule for a wedge product of covectors (from W. Tu). Suppose two
sets of covectors on a vector space V, B,---,B* and 7', --- ,v* are related by

k
61220/;737 i:1a25"'aka
j=1

for a k x k matrix A = [aﬂ Show that

BLA - AB*Y = (det A)yt Ao AR

Solution It will be helpful if we write the relation between 8%’s and +/s as a matrix multiplication.
To do so we can write

1 1,1 1 1
B ay ay - Ay Y

2 2 2 2 2
B ay az -0 Gy v

k koK k k
g ay Gz - a4y v

On the other hand, we know

(BYA - ABF)(v1, -+ ,vp) = det

= det .
d ab oab ) N\ ) AF) e AR
7;(01) vi(vz) v;(vk)
gy | TE0 7D )
V(1) () e )

Thus we can write

(B A ABR)(vr, o ve) = det(A) (v A AP (o, o).
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® Problem 1.19 — Transformation rule for k-covectors (from W. Tu). Let f be a k-covector on a
vector space V (of say, dimension n). Suppose two sets of vectors uq, -+ ,ur and vy, , v in V
are related by

k
ujzzaévh j:17"'ak7
i=1
for a k x k matrix A = [aﬂ Show that
f(ula"' 7Uk;) = (detA)f(Uh 7Uk)'

By

Solution Since f is a k-vector, then we can expand it in its basis

[ = Z Cra!,

I€AM
where AM is the set of all ascending multi-indices I = (i1, , i) for 1 <iy < ip < -+ < i < n.
Thus
flur, - ug) = Z CIOZI(UL"‘ s Uk)-
I€eAM
Let’s focus on the term I = (i1, - ,i). For this term we can write
at(uy)  ait(ug) - ait(uy)
. , a2(uy)  a2(ug) - at2(uy)
(@ A Aa')(ug, - u) = det
alk (Ul) atk (UQ) oo qlE (Uk)
a’(v1)  a'(va) a't (vy) ai a ay
a’(vy)  a”(vg) a’ (ur) ai a3 aj,
= det
a’(vy)  a'*(v) a'* (vg) ay as g,
a'(vi) a'(ve) o’ (vg)
a(v1)  a’(vz) a2 (vg)
= det(A) det .
Q) at(en) o at(w)

= det(A) (@ A--- Aai) (vg, -, 0p)
Thus we can write

flug, - uk) = Z CIaI(ul,--~ ,ug) = det(A) Z C[o/(vl,-~ , k)

IcAM IeAM

or

| Flur, - ug) = det(A) f(vr, - v). |
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® Problem 1.20 — Vanishing of a covector of top degree (from W. Tu). Let V be a vector space of
dimension n. Prove that if an n-covector w vanishes on a basis e, - - - , e, for V, then w is the zero
covector on V.

Solution First, observe that for a vector space of dimension n we have
: n 1 k
dlm(An):<):1, B={a"N---ANa"}.
n

Let f € A,(V). Thus we can write
f=ga' AN for some g € R.
On the other hand, we know
(@' A---Aa™)(er, -+ ,en) = det [ai(ej)} =1

This f(e1, - ,e,) =0 if and only if g = 0.

® Problem 1.21 — Linear independence of covectors (from W. Tu). Let al,--- , a* be 1-covectors on

a vector space V. Show that a' A--- Ao # 0 if and only if a',--- , o are linearly independent

in the dual space V'V.

Solution For the forward direction, we want to show

al A AR £0 = at,--- , o are linearly independent.

To show this we will prove the contrapositive. Assume a',---,aF are linearly dependent. Thus

we can write one of them as a linear combination of others. With out loss of generality, assume
al = a4+ -+ cpa”,
where ¢;s are not all zero. Consider

al/\~~/\o¢k:02042/\--«/\oek+~~~+ckozk/\-~-/\ak:0.

The last equality is true since o/ = 0 if the multi-indices I as at least two repetitive indices.
For the converse, we want to show

al,---,af are linearly independent. = a* A--- Ao #0
Assume o', -+ ,aF are linearly independent. Then it can be extended as a basis for VV as as
al,---,aF - a". Let v,vs, - ,v, be the dual basis for V. Then

(@ Ao AaP)(vg, - o) = det [ai(vj)] =1+#0.

Thus a® A -+ A a¥ can not be a zero k-covector.

B Problem 1.22 — Exterior multiplication (from W. Tu). Let a be a non-zero 1-covector and 7 a
k-covector on a finite dimensional vector space V. Show that a« Ay = 0 if and only if y = a A 8
for some (k — 1)-covector S on V.
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Solution First, we prove the first direction. Let v € Ax(V),a € A1(V) such that v = a A 3 for
some 3 € Ai_1(V). Then
aANy=aANaAf=0.

For the converse, let @ and « as before and we want to prove
aANy=0 = y=aA S for some § € Ap_1(V).

We prove the contrapositive. Assume V3 € Ap_1(V) we have v # a A . Then by wedge product
of a to both sides we will get
aANyF#aNaNhp=D0.

This completes the proof. O

® Problem 1.23 — A basis for 3-covectors (from W. Tu). Let 2!, 22, 23, 2% be the coordinates on R*
and p a point in R. Write down a basis for the vector space A3(T,(R%)).

Solution First, observe that a basis for T,(R*) is {32r|p, *+ , 52|y}, and for T, (R™) a standard

’ 81‘4

basis is {dz1|p, - ,dz4|,}. Thus a standard basis for A3(T,(R*)) would be

B = {dz' Ada® Ada®|,, da' Ada® Ada?|,, dat Ada® A dat|,, da? Ada® A dat|,)

B Problem 1.24 — Wedge product of a 2-form with a 1-form (from W. Tu). Let Q be a 2-form and 7
a 1-form on R®. If XY, Z are vector fields on M find an explicit formula for (w A 7)(X,Y, Z) in
terms of the values of w and 7 on the vector fields X,Y, Z.

Solution From the definition of wedge product, and using the notion of (2,1) shuffles, that are
(1 <2,3),(1<3,2),(2<3,1) with respective signs 4+, —, + we can write

(wAT)XY, Z2)=(wen)(X,Y,Z2) - (wen)(X,Z,Y)+ (wen)(Y,Z,X),
or alternatively

(WATIX,Y,Z) =w(X,V)7T(Z) —w(X,Z)7(Y) + w(Y, Z)7(X).

® Problem 1.25 — A closed 1-form on the punctured plane (from W. Tu). Define a 1-form w on
R? — {0} by
1
W= m(—ydm + zdy).

Show that w is closed.

Solution define f,g: R? — {0} — R as

X

flz,y) = -2 g(z,y) = 2

2 +y?’
Thus we can write w as w = fdx + gdy. The exterior derivative of w will be

dw = (g — fy)dz A dy.
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By a simple calculation we can observe

2 2

Y —x
2 4+ y?’

2
Yy —x
fo(@,y) = gy(2,y) = 22+ g2
Thus we will have
dw = 0.

® Problem 1.26 — A 1-form on R? (from W. Tu). Let w be the 1-form zdz — dz, and let X be the
vector field y-2 + a:a% on R3. Compute w(X) and dw.

Solution To calculate w(X) we can write

wX)=Xw= (ya% +x§y)(zdm —dz) =yz — .

And to calculate dw we have
dw =dz ANdx

® Problem 1.27 — A 2-form on R® (from W. Tu). At each point p € R3, define a bilinear function
wp on T,(R3) by
al bt

1 71
wp(a,b) = wy a’|, |b® = p° det a2 b2 )
a® b ot b

For tangent vectors a,b € T,,(R?), where p? is the third component of p = (p',p?, p*). Since w, is

an alternating bilinear function on T,(R?), w is a 2-form on R3. Write w in terms of the standard
basis dz* A dx? at each point.

Solution In the definition of w, we can replace determinant by the following wedge product

wp = pidat A da?.

® Problem 1.28 — Exterior calculus (from W. Tu). Suppose the standard coordinates on R? are called
r and @ (this R? is the (r,6) plane not the (z,y) plane). If z = rcosf and y = rsin6, calculate
dzx,dy, and dx A dy in terms of dr and df.

Solution Using the relations x = rcosf and y = rsinf, we can use the definition of exterior
derivative to have

dx = cos 8 dr — rsin6df, dy = sinfdr + r cos 6 df.
We can write this in a more clean way as
{dx} _ {COSQ —rsin 9} {dr}
dy sinf rcosf | |df|’
By using the fact proved in Problem Problem 1.18 we will have

dx A dy = det(A)dr A df = rdr A db.
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® Problem 1.29 — Exterior calculus (from W. Tu). Suppose the standard coordinates on R3 are called
p,dpand 0. If x = pcos¢sinb, y = psinpsinf, and z = pcos b, calculate dx, dy, dz, and de AdyAdz
in terms of dp, d¢, and df.

Solution Similar to the problem above, using the definition of the exterior derivative we have

dx = cos ¢sin dp — psin ¢psin d¢ + pcos pcosf db,
dy = sin¢sinf dp + pcos¢sinf do + psin¢cosb db,
dz = cosf dp — psinf db.

or in matrix notation we have

dx cos¢sinf —psingsing pcos ¢ cosb dp
dy| = | singsind pcos¢sing psin¢cosd do
dz cosf 0 —psinf do

From the fact proved in Problem Problem 1.18 we can write
dx AN dy N\ dz = det(A) dp A df A do.
We now need to calculate det(A)
det(A) = —p? cos? fsinf — p? sin® @ = —p*sin b.

Thus we have
de Ndy Adz = (—p®sinf) dp A dé A db.

® Problem 1.30 — Wedge product (from W. Tu). Let o be a 1-form and 3 a 2-form on R®. Then

a = apdz’ + asdz® + agdac?’,

B = bidazt A da® + bada® A dat + bgdzt A da?.

Simplify the expression a A 8 as much as possible.

Solution By following the rules for the wedge product we will have

a A B = (agby + agbs — ashy) dx* A dx? A dx®

® Problem 1.31 — Wedge product and cross product (from W. Tu). The correspondence between
differential forms and vector fields on an open subset of R3 also makes sense point wise. Let V
be a vector space of dimension 3 with basis e, eg, e3, and dual basis a',a?,a3. To a 1-covector

a = aa + aza® + aza® on V, we associate the vector v, = (a1, a2,a3) € R3. To the 2-covector
v = clal N + 02a3 Aot + 03a1 A\ a2,

on V, we associate the vector vy, = (c1,¢2,¢3) € R3. Show that under this correspondence, the
wedge product of 1-covectors corresponds to the cross product of vectors in R3: if o = a1t +
asa® + aza’ and B = bial 4 bya® + bsa®, then we have

VanB = Vo X Vg.
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Solution Let o = a1a! + asa? 4+ asa?, and B = bia' + bya® + bsa®. Then for the wedge product
we have

aAp=(arby — agbl)al Aad + (a1b3 — agbl)al Ao+ (agbs — a3b2)0[3 Aa?.

We can associate this with vector vaag = (a1bs —asbi, a1bs — asby, azbs —azbe) € R, On the other
hand, we can write v, X vg = (a1, a2, as) x (b1,b2,b3) = (a1bs — a2b1,a1bs — asbi, asbs — asbs).
This shows that

Vanp = Vo X V.

® Problem 1.32 — Commutator of derivations and antiderivations (from W. Tu). Let A = @go: Ak

—00
be a graded algebra over a field K with A* = 0 for k < 0. Let m be an integer. A superderivation
of A of degree m is a K-linear map D : A — A such that for all k, D(A*) € A¥*™ and for all
a€ AF and b e AY,

D(ab) = (Da)b+ (=1)*aD(b).

If Dy and D5 are two superderivations of A of respective degrees m, and my, define their commu-
tator to be
[Dl, DQ] = Dl e} DQ — (71)m1m2D2 e} Dl.

Show that [Dy, Ds] is a superderivation of degree m; + ms. A superderivation is said to be even
or odd depending on the parity of its degree. An even superderivation is a derivation; an odd
superderivation is an antiderivation.

Solution To show that [D, D] is a superderivation of degree m, + mo we need to show

(D1, Do](ab) = [Dy, Ds(a)b + (—1)Fmi+m2)g[ Dy Dy)(b).

Using the definition of [Dy, D2] we can expand this as

?

[D1, Do](ab) = [D1(Da(a)) — (=1)™"2 Da(D1(a)] b+(~1)* "™+ a [Dy (Dy(b)) — (=1)"™ ™ Dy(D1(b))] -

(Q.1)
To show this, we simply start with [Dy, Ds] and apply it on a € Ay, b € Ay and use the definition
of [D1, D] to simplify it and turn it into the format of equation (Q.1).

[D1, D2)(ab) = (D1 o D2)(ab) — (—=1)"*"*(Dz o Dy)(ab) = D1(D2(ab)) — (—1)"*"* Dy (D1 (ab))
= D1(Da(a))b+ (=1)™ ™) Dy (a) Dy (b) + (—1)™2* [ D1 (a) Da(b) + (—1)™*aDy (D2 (b))]
— (=)™ [Dy(D1(a)b+ (—1)2 ™) Dy (a) Da(b) + (—1)™* [Da(a) D1 (b) + (—1)™FaDs (D1 (b))]]

Now by matching the terms we can write

[D1, Do](ab) = [D1(D2(a)) - (—1)m1m2D2(D1(a))] b+ (_1)k(m1+mz)a [D1(D2(b)) B (—1)m1m2D2(D1(b))]
+ D1 (a)Ds(b) [(71)%;@ _ (71)m2(k+2m1)] _

=0

The last term is equal to zero since if mok is even, then maok + 2mqmeo is also even, which leads to
(—1)m2k — (—1)m2(k+2m1) — _1 4 1 = (. As the other case, if mok is even, then mok + 2myms is
also even, where we will have (—1)"2%F — (—1)m2(k+2m1) — 1 _ 1 = 0. This proves that [D;, Dy] is
indeed an superderivative of order m, + ms.
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CHAPTER 1.

EUCLIDEAN SPACES



2. Manifolds

Throughout this text, to avoid repeating some words like

smooth, and etc, we often omit them and we let the context to reflect these notions.
So we emphasis that throughout this text, unless otherwise specified, by a manifold
we always mean a C'°° manifold. An atlas of a chart on a smooth manifold means an
atlas or a chart contained in the differentiable structure of the smooth manifold.

Topological manifolds and Smooth manifolds

We start with the definition of topological manifolds. We will later study the smooth manifolds
that are of our main interest in this lecture. But first, we need to review some basic definition.

Definition 2.1 — Hausdorff topological space. A set A, along with a collection of subsets of A

called 7 C 24, i.e. (A,T) is called a topological space if we have

(I) €T and AeT.
(IT) For any infinite collection {A,}o C T we have

UAaeT.

(III) For a finite collection {A;};c; where I = {1,2,--- , N} for some N € N, we have
ﬂ A, eT.

iel
(IV) Vx,y € A there exists U,V € T such that x € U and y € V and we have UNV = @.

The following definition reviews the notion of second countable topological spaces.

Definition 2.2 — Second countable topological spaces. Let (X,7) be a topological space. This
space is second countable if there exists an at most countable collection of sets B C T such that

29
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YU € T we have

U= J A

AeB

L.e. any open set in 7 can be written as a union of sets in B
The last piece of definition that we need is the notion of locally Euclidean spaces.

Definition 2.3 — Locally Euclidean topological spaces. Let (X, 7) be a topological space. We say
X is locally Euclidean if Vp € X, there exists an open neighborhood p € U € T such that is
homeomorphic to an open subset of R™. I.e. there is a homeomorphism ¢ : U — R™. We call
the pair (U, ¢ : U — R™) a chart, U a coordinate neighborhood or a coordinate open set, and
¢ a coordinate map or coordinate system on U.

Definition 2.4 — Topological manifolds. A topological manifold is a Hausdorff, second countable
topological space that is locally Euclidean space. It is said to be of dimension n, if it is locally
Euclidean of dimension n.

In the following section, we will review the notion of compatible charts which will be central
to our study of manifolds. Assume we have two charts (U, ¢) and (V). Since U,V are open in
M (the manifold), then U NV is open in U and V. Furthermore, since ¢ is a homeomorphism
to an open subset of R” then ¢(U NV) and ¢¥(U N'V) are also open. One way to show this, let
¢(UcapV) = B,¢p(U) = A, and A\B = C. We know that A is open, and BUC = A, BNC = @.
Then A being open implies B and C is open. Now we can make the following definition for
C*°-compatible maps.

Definition 2.5 — C™ compatible maps. Let M be a topological manifold, where (U, ¢) and (V, )
are two charts. These charts are called C'°°-compatible if the maps

pop L ip(UNV) = d(UNV) and oo l:p(UNV)—=y(UNV),
are C'°°. These two maps are called transition functions between charts.

® Remark 2.1 If two U,V in the definition above, i.e. UNV = &, then they are automatically
compatible.

Definition 2.6 — C atlas. Let M be a topological manifold. The collection of charts U =
{(Uq, ¢a)} is called a C* atlas, or simply an atlas if

o all of the charts are pairwise C*° compatible,

o the charts cover the whole manifold, i.e. M =J_, Ua.-

Lemma 2.1 Let A = {(U,, ¢a)}acr be an atlas for the manifold M. Let (V,4) and (W, o) be
two charts where both of them are compatible with the atlas A. Then these two charts are
compatible with each other.

Proof. We start by showing that ¢y oo~ is C® on VN W. Let p € VN W. Then 3a € I such
that p € U, for the chart (U, ¢o). Then

(Wop ) o(paoa ) io(WNULNV) = p(WNU,NV)

is C* in o(WNU,NV), because it is the composition of C* maps. Call B, = WNU,NV. Then
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what we have shows is simply Vp € V N W, there exists an open set p € B, CVNW fora el
and the map ¥ oo~ ! is C™ in B,. Since this holds for every p € V N W this proves that 1) o 0!
is C* on o(V N'W). Similarly, we can show o o1 ~! is O on ¥ (V N W), and this completes the
proof. O

® Remark 2.2 Note that in an equality like 9 0o 071 = (¢ 0 ¢ 1) 0 (¢ 0 071), two functions in
the sides of the equality have different domains. So the equality sign here means that these two
functions are equal on their common domain.

Definition 2.7 — Maximal atlas. Let U/ be an atlas for the manifold M. Then I/ is called maximal
if it contains any other atlas of the manifold M. Or equivalently, if M is any other atlas
containing U then U = M.

We can use the notion of the maximal atlas to define a smooth manifold.

Definition 2.8 — Smooth manifold. A topological manifold together with a maximal atlas is
called a smooth manifold. The maximal atlas is also called a differentiable structure on M.

In practice, to show that a topological manifold is smooth, it is not necessary to exhibit a
maximal atlas. Existence of any atlas will do so, as proposed by the following proposition.

I Proposition 2.1 Any atlas of a locally euclidean space is contained in a unique maximal atlas.

Proof. Let il = {(Uqy, o)} be any atlas for the locally Euclidean space M. Let S = {(V;,v¢;)}
denote the set of all charts compatible with . Construct the set 9t = U U S. We claim that
this set is a maximal atlas. Let (W,1) be a chart compatible with 9. Then it should also be
compatible with f; thus it is contained in the set S, i.e. (W,%) € S, thus in 9. This shows that
the atlas 91 is maximal.

To show the uniqueness, let M’ be another maximal atlas. Since M’ is compatible with 4, thus
it is also compatible with 9. But due to the construction it is contained in the new atlas, thus
M’ C M. Thus the maximal atlas is unique. O

Considering the proposition above, we arrive at the following important observation.

Observation 2.1.1 — Showing a space is an smooth manifold. To show that a space is an smooth
manifold, we just need to show that the space is

o a Hausdorff topological space that is also second countable,

o there exists any C*° atlas (not necessarily maximal).

Smooth maps on a manifold

In this section, we will study the notion of smooth maps between manifolds. We will use the notion
of coordinate charts to transfer the notion of smooth maps from Euclidean spaces to manifolds.
We start with the functions on manifolds.

Definition 2.9 — Smooth functions on manifolds. Let f : M — R be a function on a manifold.
The function f is smooth at point p € M if there exists a chart (U, ¢) such that p € U and the
map

fo¢_1 to(U) =R
is smooth at p. The function f is said to be C*° on M if it is C°° at every point of M.
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® Remark 2.3 Note that the smoothness of the function f in the definition above is independent
of the local chart (U,) that we choose. Let (V1) be another local chart containing the point p.
Then the map f o ~! is also smooth at p. Because

fov i (fop ) o(poy).

We know that the map (¢ o4 ~! is smooth at p (since the local charts in an atlas are compatible).
Also (f o ¢~1) is smooth (we have assumed so). Thus f o1 ~! is smooth.

Proposition 2.2 — Smoothness of real valued functions. Let M be a manifold of dimension n with
atlas 4, and let f : M — R a real-valued function on M. The following are equivalent:

(i) The function f: M — R is C*°.

(ii) The manifold M has an atlas such that for every chart (U, ¢) in the atlas, fop~!: ¢(U) —
R is C°.

(iii) For every chart (V,4) on M, the function fo =1 : (V) — R is C*.

Proof. We prove a cyclic chain of implications (ii) = (i) = (i) = (i).

(1) = (i): Let p € M. From the assumption we know that there is an atlas with the desired
property. Thus 3(U,, ¢) that contains p and the function fo¢~!: ¢(U) — R is smooth. Thus
f M — R is smooth at p, ans since the point p was arbitrary, then f is smooth on M.

(i) = (i4i): Let p € U. From assumption we know that there is a coordinate open set U, such
that fo ¢, : ¢o(U) — R is smooth. Then we can write

fov™h=(fodi")o(paoy™)

which shows that f o ~! is smooth (look at the remark below).
(#41) = (#): This follows immediately from the definition. O

® Remark 2.4 Considering the “very important note” at the beginning of this chapter, we need to
emphasis again that in part (iii), when we say for every chart (V,1) on M, we mean a chart in
the unique differentiable structure of the manifold that contains the atlas LI.

Observation 2.2.1 — From W. Tu. The smoothness conditions from the proposition above will be
a recurrent motif through out the book. To prove the smoothness of an object, it is sufficient
that a smoothness criterion hold on the charts of some atlas. Once the object is shown to
be smooth, it then follows that the same smoothness criterion holds on every chart on the
manifold.

Definition 2.10 — Pull back of a function. Let F' : N — M be a a map between manifolds, and
¢ : M — R. Then the pullback of the function ¢ by F' is denoted by F x ¢ is defined as

F*¢=¢oF.

B Remark 2.5 In this terminology, a function f : M — R is smooth on a chart (U, ¢) if and only if
the pullback (¢~1)*f is smooth on the subset ¢(U) of Euclidean space.

Smooth maps between manifolds

Here in this section we will discuss the smooth maps between manifolds. We will be able to recover
the definition of the smooth functions on manifolds as a special case.
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Definition 2.11 — Smooth maps between manifolds. Let M, N be manifolds with dimensions m, n
respectively. A map F': M — N is said to be smooth at point p € M, if there exists charts
(U, ¢) and (V,4) such that p € U and F(p) € V, and the function

YpoFo¢p ' :R™DH(F HV)uU) = R"

is smooth at p. The map F' is said to be smooth on manifold M if it is smooth at every point
of the manifold.

® Remark 2.6 The following figure helps to digest the definition above.

F
e N

L B

T —
o ! thoFogpt L

- < V(W)
\

® Remark 2.7 Since the Euclidean space is indeed a smooth manifolds, then we can recover the
definition of smooth functions on manifolds form the definition above. Let M be a manifold, and
N = R"™ with the atlas {(R™, 1 : R™ — R™)}, then we will have the notion of vector valued functions
on manifold. By setting n = 1 we will recover the definition of smooth function on manifold.

In the following proposition we will be showing that the smoothness of the map is independent
of the charts chosen, thus the smoothness of the map is well-defined.

Proposition 2.3 — Smoothness of maps between manifolds is well-defined. Suppose F : N — M is
C>™ at p € N. If (U, ¢) is any chart in N that contains p and (V,4) is any chart in M that
contains F(p), then ¢ o F o ¢~ is smooth at ¢(p).

Proof. Since F': N — M is smooth at p € N, then there are charts (G,7) and (L, \) (from the
corresponding maximal atlases) such that p € G C N and F(p) € L C M and the function

Ao Foy V) :y(FH(L)NG) = MF(G))
is smooth at p. Consider the charts (U, ¢) and (V,1)) as above. Then the function
YoFo¢ ™ =(or)o(AoFoy)o(yod™).

Note that the equality sign above merely means the functions are equal on their common domain, as
the function in RHS and the function in LHS have different domains. We know that the coordinate
maps 1, A, and v, ¢ are compatible respectively. Thus the function 1) o F o ¢~! is smooth at ¢(p).
See the remark below for mode details. O
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® Remark 2.8 In the proof above and in the equality
poFog¢™l=(orT)o(AoFoqyHo(yod™)

thus equality sign does not indicate that these function are equal, but it just indicates that these
two functions are equal in their common domain. To be more clear, for the function in the LHS
we have

YpoFog~ 't p(FH(V)NU) = ¢(F(U)).
But for the function in the LHS we have

(oA HoAoFoy Ho(yop V) :gp(FHLNV)N(GNU)) = (F(LNV))
Proposition 2.4 — Smoothness of maps in terms of charts. Let NV and M be smooth manifolds,
and F': N — M a continuous map. The following are equivalent:

(i) The map F : N — M is C*°.

(ii) There are atlases 4l for N and U for M such that for every chart (U, ¢) in i and (V)
in U the map
boFogt: g(F{(V)NU) > R™

is C°°.
(iii) For every chart (U, ¢) on N and (V,1) on M, the map
YpoFogp l:p(UNF (V) —R™
is C*°.
Proof. We will prove this by showing a cyclic chain of implications (ii) = (i) = (iii)) =
(i3).
e (i1) = (7). Let p € N. Then by hypothesis there are charts (U, ¢) and (V,4) such that
p €U and F(p) € V and the map
YpoFogp l:p(FH(V)NU) = R™
is smooth at ¢(p), thus F' is smooth at p. Since p is arbitrary, then F' is smooth on N.

o (i) = (it9). This follows immediately from Proposition 2.3.

o (#3) = (4i). Since N, M are smooth manifolds, then they have maximal atlases. Let & be
the maximal atlas for N and U be the maximal atlas for M. This (i) follows immediately
form (it).

O

Proposition 2.5 — Composition of C* maps. If F : N — M and G : M — P are C*° maps of
manifolds, then the composite G o F' : N — P is a smooth map.

Proof. We will demonstrate two proofs for this proposition to demonstrate what happens if we do
not notice a possible level of abstraction. The first proof below is a very crude, hard-core, direct
proof, that seems to be tough and easy to make mistakes, just because it is not encapsulating some
of the details into another proposition. However, for the second proof, it will encapsulate some



2.3. DIFFEOMORPHISMS 35

of the details into the results of the Proposition 2.4, which will allows us to do a more high level
thinking.

proof 1. Let p € M. Since F is smooth, then 3 (U, ) chart for M and 3 (V| ¢) chart for M
such that p € U and F(p) € V and the map

gpoFoy tig(F 1 (V)NU) = ¢(V)

is smooth at y(p). Also, since G is smooth, then at F'(p), there exists the charts (W, \) for M and
(Y, ) for P such that F(p) € W and G(F(p)) € Y and the map

$oGoA NG (Y) N W) = i(Y)

is smooth at A(F(p)). Also note that since the charts (W, A) and (V, ¢) for M are compatible (they
both are chosen from the maxima atlas), then the maps

po XL AW NV) = d(WNV) and Nod t:p(WNV)—= ANWNV)

are both smooth. Now it is time to glue all of these pieces together to infer the smoothness of the
composite function G o F. Based on these pieces, the function

o(GoF)oy™" = ($oGoA)o(Aog )o(¢oFoy) : y(F~H (G~ (Y)NVAW)NU) — (G(F(p)))

is smooth at y(p). Since the point p € N was arbitrary, then the map G o F' is smooth on M.

proof 2. In this proof, we will hide much of the details of the proof 1 in higher level of abstrac-
tions encapsulated in Proposition 2.4. Since F' is smooth, then ((i) == (4i4) of Proposition 2.4)
for every chart (U,v) for M and (V, ¢) for M the map

poFoy L iy(FH(V)NTU) = (V)
is smooth.. Also, since G is smooth, then for every chart (Y, ) for P the map
YoGog i g(GTH(Y)NV) = $(Y)
is smooth. Since the composition of smooth real vector valued functions is smooth, then
Yo(GoF)oy ' =(oGogd )o(poFor)

is smooth. Since for every chart (U,v) and (Y, ) the function ¢ o (G o F) oy~ is smooth, then
by (i4i) = (i) of Proposition 2.4 we proved that G o F' is smooth. O

Diffeomorphisms

We start with the definition of diffeomorphism.

Proposition 2.6 — Diffeomorphism between manifolds. A map F : M — N between manifolds M
and N is called a diffeomorphism if

e F'is a bijection,

e Fis C*, and

e F~lisalso C®.

The following observation box summarizes the differences between homeomorphisms and dif-
feomorphisms.
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Observation 2.3.1 — Difference between homeomorphisms and diffeomorphisms. homeomorphisms
are isomorphisms in the category of topological spaces. However, the diffeomorphisms are
isomorphisms in the category of smooth manifolds, where the isomorphism preserves the dif-
ferential structures. The following figure (original idea from®) demonstrates some of these
ideas.

mathematical analysis lecture notes.

homeomorphic
not
° PS homeomorphic
F
closed interval Diffeomorphic Not diffeomorphic
homeomorphic
not
\/\ homeomorphic
Circle Diffeomorphic Not diffeomorphic

According to the two following propositions, in a smooth manifold, the coordinate maps are
diffeomorphisms, and conversely, any diffeomorphism from an open subset of the manifold to an
open subset of a Euclidean space can serve as a coordinate map.

Proposition 2.7 — Coordinate maps are diffeomorphisms. If (U, ¢) is a chart on a manifold M of
dimension n, then the coordinate map ¢ : U — ¢(¢) € R™ is a diffeomorphism.

Proof. For the proof, we will use the notion of smooth maps between manifolds in a smart way!
First, observe that since ¢ is a coordinate map, thus it is automatically a homeomorphism. Thus
we just need to show that ¢ and ¢~! are smooth. Let U be a manifold with an atlas {(U, ¢)}.
Also, let ¢(U) C R™ be a manifold (this is indeed a manifold as it is an open subset of a Euclidean
space), with an atlas {(#(U), 14y)}. In this point of view, the coordinate map ¢ is in fact a map
between manifolds. This is smooth, since

Lywyogoe™' 1 o(UNe~ (4(U))) = ¢(U)
o(U)

is smooth, then by Proposition 2.4 (i¢) = (i), the map ¢ is smooth.
To show the smoothness of the map ¢!, we observe that this is a map from the manifold with
atlas {(¢(U), ¢ 1)} to the manifold with atlas {(U, ¢)}. Since the following map

pog " olywy:d(U) = ¢(U)

is smooth (since it is just the identity map), then by Proposition 2.4 (ii) == (i) the map ¢~ is
smooth.
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Putting these two results together, we have shown that the coordinate map ¢ is indeed a
diffeomorphism from U to R". O

The following proposition is the converse of the proposition above.

Proposition 2.8 Let U be an open subset of a manifold M of dimension n. If F: U — F(U) C R™
is a diffeomorphism onto an open subset of R™, then (F,U) is a chart in the differentiable
structure of M.

Proof. Since F is a diffeomorphism, then it is certainly a homeomorphism. Thus we just need to
show that (U, F) is a chart, i.e. compatible with the maximal atlas of the manifold (note that
since M is an smooth manifold, then there exists a maximal atlas). Let p € U and let (V1) be a
chart that contains p. Then consider the function

Foy l:pUNV) = FUNV) $oF ' :FUNV)=yUNV).

By the proposition above, we know that since ¢ is a coordinate chart of a smooth manifold, then ¢
and ¢~ ! are both smooth. Then the functions above are a composition of smooth functions, thus
they are smooth as well. This proves that (U, F') is compatible with the chart (V,4). Since this
chart was arbitrary, then it is compatible with the whole atlas, thus (U, F') is a chart. Also, by the
maximality of the atlas, (U, F') is contained in the atlas. O

Now using the notion of smooth maps between manifolds, we can define a Lie group.

Definition 2.12 — Lie group. A Lie group is a C*° manifold G having a group structure such

that the multiplication map
uw:GxG—=>G

and the inverse map
t:G— G, o(z) =271,

are both C*°.

B Remark 2.9 Similar to the definition above, a topological group is a topological space having a
group structure such that the multiplication and the inverse maps are both continuous. Note that
a topological group is required to be a topological space, but not a topological manifold.

The followings are some examples of Lie groups. We can easily check the group operation and
the inverse map are both smooth by using the definitions that we have had above.

(i) The Euclidean space R™ is a Lie group under addition.
(ii) The set C* of nonzero complex numbers is a Lie group under multiplications.

(iii) Subsequently, the unit circle in C* is a Lie group under multiplication.

Partial Derivatives

In this section we will define the notion of partial derivatives of the maps between manifolds. We
will use the notion of coordinate charts for this definition. Let N be a manifold of dimension n, and
let (r!,---,r™) be the standard coordinate function on R™. For a chart (U, #) on the manifold, ¢
is a vector valued function on manifold. We denote its coordinate functions as z° where z* = rfo¢.
This is just a fancy (but very useful) way of writing the i-th coordinate of the vector valued function
¢. Now we can define the directional derivatives for the functions on manifolds.
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Definition 2.13 — Directional derivative. Let N be a manifold, and f : N — R an smooth
function. Let p € U and (U, ¢) any chart containing p, where ¢ = (z!,--- ,2™). We define the
direction derivative of f at p as

of . d(foe™h) _ 0 =
® Remark 2.10 In the definition above, we can re-write it as
of .« _0f 4 _O(fogh)
51 (0) = 5.5 (¢ " (0) = = (o(p)).
P
We can now write o 1 of of
°¢ ) _ O 1 _ i1
ari - axi o ¢ [¢ ] [axl]?
where shows that % is the pull back of the function g lf when viewed as a function on the
manifold. Since the pull back of 5) g is smooth (as f o ¢~! is smooth), then g j is smooth when

viewed as a real valued function on the manifold.

Proposition 2.9 Suppose (U, x!,---  2") is a chart on a manifold. Then we have
Oz’ 5
Oxs

Proof. We view 2’ as a real valued function on the manifold. For a point p in the manifold, we
can use the definition of partial derivative to write

axl( )_ a(xio(b_l) _ a(rio(bo(b_l) _ ari _61'
97 P = Ori a ori T ori 7
Note that we have used the fact that ¢ = (x!,--- , 2™). O

Using the notion of partial derivatives, we can define the notion of Jacobian matrix for the
maps between manifolds.

Definition 2.14 — Jacobian matrix of maps between manifolds. Let F' : N — M be a smooth map,
and let (U, ¢) = (U, z%,--- ,2™) and (V, ) = (V,y*,- -+ ,y™) be charts on N and M respectively
such that F(U) C V. Denote by

Fi:yioF:rioz/)OFZU—)R
the i-th component of F' in the chart (V). The following matrix
OF?
J = .
is called the Jacobian matrix of F' relative to the charts given as above. In case M, N have
the same dimension, the determinant of this matrix is called the Jacobian determinant of F'
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relative to the two charts. The Jacobian determinant is also written as

6(F17"' aFn)

det(J) = Bt )

Inverse function theorem

As we studied before, on a manifold N of dimension n, a diffeomorphism f : U — R"™ is indeed
a coordinate map. In this section, we want to study the conditions under which a smooth map
between manifolds can be upgraded to a local diffeomorphism. For this end, we will use a slight
generalization of the inverse function theorem in the Euclidean spaces.

Definition 2.15 — Inverse function theorem in Euclidean spaces. Let F': W — R™ where W C R"
be a smooth map. We say this function is a local diffeomorphism or locally invertible at point p,
if there exists an open set U C W containing p such that the Jacobian determinant is non-zero
at p, i.e.

OF?
ori

det { } (p) #£ 0.

We will skip proving this theorem here and we will just use it to prove the generalized version of
this theorem for smooth maps between manifolds.

Theorem 2.1 — Inverse function theorem for manifolds. Let ' : N — M be a smooth map
between two manifolds of the same dimension, and p € N. Suppose for some charts (U, ¢) =
(U,zt,--- ,2™) about pin N and (V) = (V,y!,--- ,y") about F(p)in M, F(U) C V. Set F* =
y'oF. Then F is locally invertible at p if and only if its Jacobian determinant det(9F*/9z7)(p)
is nonzero.

Proof. First, observe the proof structure in the observation box below. We just need to show two
following bi-directional implications.

F is locally invertible <= 1) o F o ¢! is locally invertible.

and also _
7

ord OxI
For the first bi-directional implication since ¢, 1) are coordinate maps, thus are invertible (they
are bijective) and from the composition of functions it follows that the bi-directional implication
is true.
For the second bi-directional implication we start with the forward direction. We can write

dpoFog ) driogoFog ) dyoFos ) (Fogl) OF

det {(”W} (6(p)) # 0 <= det FF } (7) # 0.

Ori Ori Ori Ori i’
This proves the forward direction. We can do this starting from the last equation which proves
the backward direction. O

Observation 2.5.1 — Some hidden treasures!. When proving the theorem above, we can figure
out what should be the structure of the proof, even if we can not demonstrate the proof steps
completely. For me, there is some sense of dimensional analysis if physics in what I am saying.
By looking only at the ingredients of the problem/theorem/etc, we can figure out what is the
possible way that we can combine those ingredients to achieve to a full proof. The following
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I figure reveals this structure for the proof. I

F is locally

invertible = invertible <

Yo Fog¢ ! is locally det[a (voFo ¢1)i] | det[gF%’
)

B

using the inverse function theorem in R™

Corollary 2.1 — Maps as local coordinate system. Let N be a manifold of dimension n. A set of
n smooth functions F!, ..., F" defined on a coordinate neighborhood (U, !, -- ,2™) of a point
p € N forms a coordinate system about p if and only if the Jacobian determinant

OF!
— 0.
{ axj} (p) #
Proof. define the vector valued function as F' = (F,-..  F™). Then we have

det [0F"/0x7] # 0.
<= F is locally invertible.
<= There is a neighborhood W containing p such that F' : W — F(W) C R" is a diffeomorphism.

< (W, F) is a coordinate system in the maximal atlas of N.

Quotients

The quotient construction is a process of simplification. Starting with an equivalence relation on
a set, we identify each equivalence class to a point. If the original set is a topological space, then
it is always possible to give the quotient space a topology so that the natural projection map (i.e.
m:S —= 8/~ , x+— [z]) becomes continuous. However, if the original set is a manifold, then it
is not always true that the quotient set is also manifold, as the conditions like being Hausdorff or
second countable might break.

Definition 2.16 — Quotient topology. Let (X, 7) be a topological space, and ~ an equivalence
relation with 7 as the natural projection map. A set U € X/~ is open, if and only if 7=}(U) €
T, i.e. open.

® Remark 2.11 In the definition above, clearly the empty set @ and the whole quotient space X/~
are open. That is because 77 1(@) = @ € T (since the equivalence relation ~ partitions the set),
and 7 1(X/~) = X € T. Also, for any map, in particular 7 we have

mH(JUa) =7 (Ua), w*l(ﬂ U;) = ﬂfl(Ui)

where 7~1(U) means the pre-image of the set U under the map ¢. This shows that an arbitrary
union of the open sets in the quotient space is open, and also a finite intersection of open sets of
the quotient space is also open. Thus the space (X/~,T’) where U € T’ if and only if 7=*(U) € T
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is a topological space.
Also Note that since 7= maps open sets of X/~ to the open sets of X, then 7 is automatically
(i.e. by design) a continuous function.

Continuity of a map on a Quotient

Let S be a topological space and ~ and equivalence relation on this set. Give the quotient set S/~
the quotient topology. Then a function f : S — Y from S to another topological space, where it
is constant for all elements in the same equivalence class. This map then induces a map on S/ ~,
ie. f:5/~—Y where

f(p])=fp) forpes.

or in other words
f(m(p)) = f(p) or equivalently fo T =f.

Proposition 2.10 The induced map f : S/~— Y is continuous if and only if the map f: S — Y
is continuous.

Solution First, we will show that continuity of f implies the continuoity of f. Let U € Ty. Since
[ is continuous, then f~1(U) € Tg/... Furthermore, since 7 is continuous then 7= (f~1(U)) € Ts,
thus (f o 7) is continuous. Since f = f o, then f is also continuous. As an alternative prove, we
could start with the fact that f = f o7, and since f and 7 are both continuous, then so is f.

For the converse, we want to show that the continuoity of f implies the continuoity of f~!.
Let V € Ty. Since f is continuous, then f~!(V) € Ts. On the other hand, we have f~1(V) =
(7o f~1)(V). Since 7! sends open sets to open sets, then f(V) € Ts/~- Thus f is continuous.

Definition 2.17 — Identification of a subset to a point. Let S be a topological space and A C S.
Let ~ be s relation on S where
T~ T Vx € S,

and also
T~y Ve, y € A.

This is an equivalence relation on S. We call the quotient space S/ ~ is obtained from S by
identifying the set A to a point.

Hausdorff and Second Countablity Conditions

The quotient construction often does not preserve the second countablity and Hausdorff property
of a topological space. We start with the following proposition.

Proposition 2.11 Let X be a topological space, and ~ an equivalence relation on X. If X/~ is
Hausdorff then equivalent class [p] of any p € X is closed in X.

Proof. In a Hausdorff space, every singleton set is closed. let p € X. Then {mn(p)} is closed in
X/ ~. Since 7 is continuous, then the pre image 7= ({m(p)}) = [p] is closed in X. This completes
the proof. O

B Remark 2.12 In the proof above, we claimed that in a Hausdorff space, every singleton set is
closed. To see this, let p € S a Hausdorff space. Consider the singleton {p} and its complement,
ie. S —{p}. We claim that set S — {p} is open. To show this, let U € T where p € U. Since S is
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Hausdorff, then there exists an open set V' € T such that contains any point ¢ € S — {p} and do
not overlap with U. This ¢ € V C S — {p}. Thus for every point S — {p} we can find an open set
containing ¢ that is contained in the set S — {p}.

Definition 2.18 — Open equivalence relation. Let ~ be an equivalence relation defined on a set.
This equivalence relation is said to be open, if 7(U) is open for some open set U

® Remark 2.13 We can give a useful characterization of open equivalence relations. Let U be an
open set. Then 7(U) being open means that 7= (7(U)) is also open. Thus an equivalence relation
is open if and only if

is open.

Theorem 2.2 Let S be a topological space, and ~ an open equivalence relation defined on S.
Then S/~ is Hausdorff if and only if the graph R of the relation is closed in S x S.

Proof. First, consider the following chain of bidirectional implications.

Ris closed in S x S

S xS —Risclosedin S x S

For all (z,y) € (S x S) — R, there exist an open cell U x V' 3 (z,y) such that U x VN R = &.

For all pair z,y € S where x ~/ y, there exists open sets U > x and V > y such that no

element of U is equivalent to an element of V.

< For all two points in [x] # [y] € S/~ there exists open sets U 3 x,V 3 y open in S such that
m(U)Nn#(V)=o.

tee

Now what remains to show is to show that the last statement (call it statement *) is equivalent to
being Hausdorff. If x is true, then since 7 is open, then S/~ being Hausdorff follows immediately.
For the converse, if S/~ Hausdorff, then for [z] # [y] € S/~ we can find open sets A, B containing
[z], [y] respectively where A N B = @. From the surjectivity of m we know that m(7~1(A)) = A.
Thus let U = 77 (A) and V = 7~1(B), thus the statement (*) follows. O

A very simple use of the theorem above is that consider a case where the equivalence relation
is simply the equality. Then we will have the following corollary.

Corollary 2.2 — Hausdorff characterization. Let S be a topological space. This space is Hausdorff
if and only if the diagonal A = {(x,x) € S x S} is closed in S x S.

B Remark 2.14 Surprisingly, we can prove Theorem 2.2 using the corollary above. See Problem 2.21.

Similar to our procedure above, we can find some conditions under which a quotient space
of a second countable space is still second countable. This criterion is given in the proposition
below.

Proposition 2.12 — Second Countability of a Quotient Space . Let X be a second countable
topological space, and let ~ be an equivalence relation. The quotient space X/ ~ is second
countable of ~ is an open equivalence relation, i.e. 7 is an open map.

Proof. We need to show that X/~ posses a countable basis for its open sets. We claim that if
B = {B,} is countable basis for X, then {n(B,)} is a countable basis for X/~. To show this let
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U C X/~ be an open set. By continuoity of 7=! the set 7=1(U) is also open in X. Thus we can
write

7 '(U) ¢ | Ba-

ael

Then we can write

U c (| Ba) = |J 7(Ba).

acl ael

Thus {n(B,)} is indeed a countable basis for X/~. This completes the proof. O

Real Projective Space

Here in this section we will review one of the very interesting manifolds that we can construct by
quotient of another manifold. We start with the definition.

Definition 2.19 — Real Projective Space. Consider the set R™"*! — {0}. Define the equivalence
relation ~ as follows
T~y <= x =ty for someteR

where z,y € R™ — {0}. The quotient set under this equivalence relation is called the real
projective space or RP™.

® Remark 2.15 When I was writing this, it came to me what do we need to generalize this notion
of projective plane to any vector space. Because the only ingredients that we use in this definition
is the vector space properties of the underlying set.

Geometrically, the real projective plane can be tough of the set of all point passing through the
origin. On the other hand, we know that every line passing through the origin hits the unit sphere
S™ in exactly two antipodal points. The following proposition reveals the connections between the
some quotient structure of unit spheres and the real projective space.

Proposition 2.13 Define an equivalence relation on S™ by identifying the antipodal points. L.e.
T~y <= T =Zy.

The quotient set S™/~ is homeomorphic to the real projective space.

Proof. To show this we need to find homeomorphisms between these two sets. Define f : R*T1 —
{0} = S™ be

x
fl@) =
]
where ||z|| = (3, 22)/? is the modulus of the point # = (1, -+ ,z,). This function is continuous

since the denominator is never zero and both nominator and denominator are continuous functions
(note that ||z|| is a composition of smooth functions). Consider the following diagram.

R+ {0} — L gn
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The function f : RP™ — S™/~ is a function induced by f given by

F(la]) = {Iill} €S5"/~.

This function is well defined as it dose not depend on the representative of the equivalence class
that we choose. Since for any other element in the equivalence class we will have

- tx tx T tx -
fted = (g = [ = [ = ] - e

Since the function
T2 O f

is continuous, then the function f is also continuous. Next, define g : S™ — R"*! — {0} given by
g(x) = x. This map induces a map g : S™/~— RP" given by g([z]) = [z]. By the same argument
as above, g is continuous and well defined. It just remains to show that these two maps are inverses
of each other. To show this we have

(Fo9)([e]) = f(la)) = HJ = [a],
and also
(72 ) ([a]) = 3 M}) = {”} = [a].
Thus the spaces RP™ and S™/~ are homeomorphic to each other. O

Real Projective Plane

Here in this section we will focus on the real projective plane, which is the set of all lines passing
through origin in R3. Although imagining an sphere with identified antipodal points are much
easier than imagining the set of all line passing through the origin, but it is still hard to imagine
the final geometrical and global properties of such a set. So we need more simplification.

Proposition 2.14 Let S?/~ be a unit sphere that its antipodal points are identified. This set
is homeomorphic to the closed upper hemisphere where its antipodal points on the equator are
identified.

Proof. The proof is given as the solution to Problem 2.19. O

Now, we can go further and simplify this space more.

Proposition 2.15 Let H?/~ be the quotient space adopted from the closed upper hemisphere by
identifying the antipodal points on its equator. Also, let D?/~ be the quotient space adopted
from the closed unit disk D? by identifying the antipodal points on its boundary circle. Then
H?/~ and D?/~ are homeomorphic.

Proof. We need to find a homeomorphism between H2?/ ~ and D?/ ~. Consider the projection
map
JOEP DY (e (ay)
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Consider the following commutative diagram.

m—' . p

N

T w0 f T2

™~

HQ/N ; D2/N

The map 73 o f is continuous and assumes a constant value for all of points in its domain that are
in a same equivalence class. Thus this induces a continuous map f : H?/~— D?/~. To find the
inverse for this function, consider

g:D* =5 (z,y) = (z,y,\/1— (22 +1?)).

Consider the following commutative diagram.
D? — % H?

T2 m10g 1

~

D2/N - H2/N

The map m; o g is continuous and assumes a constant value for all points in its domain that are in
the same equivalence class. Thus it induces a map g that is continuous.
We now need to show that f and g are inverses of each other. To see this consider the map

fog:H?*/~— H?*/~.

We can write

F@(z ) = Flz,y, /1 = (22 +92)]) = [, 9].

With a similar argument for go f we can show that these two functions are inverses of each other,
thus we could find the explicit homeomorphism. O

In summary, we have the following chain of homeomorphisms

RP? = §2/~n —“ s H?/~ -~ D%/~

Standard C*° Atlas on a Real Projective Space
Summary

Summary B° 2.1 — A useful thing!. Let N be a manifold of dimension n, and (U, ¢) a local
coordinate system containing p € N. Then ¢ can be viewed as a vector valued real function
¢ : U — R". Let 7 be the standard coordinate functions of R®. Then the i-th of ¢ can be
written as.

' =10 ¢.



46 CHAPTER 2. MANIFOLDS

Summary B 2.2 Let S be a manifold, and ~ an equivalence relation. Then S/~ is
¢ Second countable if the equivalence relation is open.

o Hausdorff if the graph of the equivalence relation is open and its graph is closed in .S x S.

Summary £ 2.3 — Two ways to show that two quotient spaces are homeomorphic. In general, in
order to show that two spaces are homeomorphic, we need to find an homeomorphism between
the spaces (a continuous bijection with continuous inverse). In particular, if two spaces are
quotient spaces, it is often easier to work with the original spaces (that are not necessarily
homeomorphic). In this summary box I will talk about two important ways that we can do
this.

1. Direct method. In this method we directly find the homeomorphism. Consider showing
that the real projective space RP™ is homeomorphic to S™/ ~ where the equivalence
relation ~ identifies the antipodal points in the unit sphere. The followings are the steps
that we take

o Find f : R® — {0} — S™ where 72 o f assumes a constant value for all of the
points in the same equivalence relation defined on R™*! — {0}. This induces a map
f :RP™ — S"/~. From Proposition 2.10 it follows that f is continuous iff 72 o f
is continuous (consider the following commutative diagram).

R — {0} — L gn
T ™2
RP" ————— 5"/~

Also note that since the domain of f is equivalence classes, we need to make sure
that the value of the function does not depend on the specific representative that
we choose for a particular equivalence class. I.e. we need to show that the function
is well defined. (I think this is the same as the fact that this function assumes a
constant value for all of the elements in the same equivalence class).

o We need to find g : S — R™ — {0} that induces a map g : S”/~— R” — {0}/ ~.
Again, using Proposition 2.10, g is continuous if and only if m; o g is continuous.
Similar to what we did for f we need to show that g is indeed well defined.

o As the last step, we need to check if f and g are indeed inverses of each other, i.e.
their composition leads to identity maps on the corresponding domains.

Also look at the proof of Proposition 2.15 for a similar argument.

2. Using compactness arguments. Some times it is hard to find the homeomorphism
directly. In this case we follow our approach as in Problem 2.18 and Problem 2.19, as
well as the following important proposition

Proposition 2.16 A bijection from a compact space to a Hausdorff space is a homeo-
morphism.



2.11. SUMMARY

Summary £ 2.4 There are some points in the proposition above that I will highlight by this
summary box. First, note that the composition of two function, possibly one or both of them
discontinuous, can be a continuous function (see this). Thus in the summary box above,
neither of f or g need to be continuous. The function that need to be continuous are mo o f
and 7 o g.

Summary B 2.5 Let S be a topological space and G be a topological group. Consider the right
action of the group G on S via the map

a:SxG—= S, a(s,g) = sg
If the right action if continuous (i.e. the map « is continuous) Then for g € G the map
ag: 8 —= 8

is a homeomorphism. See Problem 2.23 for the proof.

Summary B’ 2.6 — Showing a space is an smooth manifold. To show that a space is an smooth
manifold, we just need to show that the space is

o a Hausdorff topological space that is also second countable,

« there exists any C*° atlas (not necessarily maximal).

Summary B 2.7 — A confusing thing about the equivalence classes. Define ~ on R as
T~y iff x—y=2nn for somen € Z.
Then consider the following sets in R/ ~.
Vi={t]|te(-mm},  Va={[t][te(0,2m}

In words, what we really mean is that V7 contains the equivalence classes whose representatives
comes from the set (—m, 7). Similarly for V5, we say that it contains the equivalence classes
whose representatives comes from the set (0,27). We define the following coordinate maps

¢1: V1 =R @2 : Vo - R
[t]—t [t] —t
Note that although the functions ¢; and ¢, look similar, but they are different functions as
they have different domains. These two functions both return the representative of the equiva-

lence classes in their argument. Note that we said the representative and not a representative)
because of the design of their domain. For instance, let’s parse the following operation

¢1([23.57]) = —0.57.

Since the domain of ¢; is the equivalence classes whose representatives comes from the set
(—m, ), then we need to find a representative for [23.57] that lives in (—m, 7). Le. [23.57] =
[1.57] = [-0.57].


https://math.stackexchange.com/questions/3080559/composition-of-discontinuous-functions#:~:text=A%20simple%20example%20of%20the,functions%20giving%20a%20continuous%20one.&text=g(x)%3Dx(,x)%2B%E2%8C%8Ax%E2%8C%8B.&text=(g%E2%88%98f)(x,discontinuous%20maps%20may%20be%20continuous.
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Summary " 2.8 — Strategy to show an equivalence relation is open. Let S be a topological space
and ~ be an equivalence relation on S. This equivalence relation can also be given by a group
action of G acting on S. l.e. we can write

T~y iff x =1yg forsome g€ G.

Then to show that the equivalence relation ~ is open, or equivalently, to show that the pro-
jection map « : S — S/G is an open map, then we need to show for U C S open we have

= xU) = J Ug

geG

is open. By Lemma 2.2, this set is open if and only if the group action is continuous. See
Problem 2.26 for a detailed example.

Summary B 2.9 — Grassmannian. Grassmannian G(k,n) is a generalization of the real projec-
tive plane. G(k,n) defined to be the set all of k-planes passing through the origin as the linear
subspaces of R"”.

The Grassmannian G(k,n) is in one-to-one correspondence with F(k,n)/GL(k,R), where
F(k,n) is the set of all n x k matrices with rank k.

As a concrete example, consider G(2,4). The open coordinate sets are given as U;; =
Vi;/GL(2,R), where

Vij ={A € F(2,4) | A;; is nonsingular}.

The corresponding coordinate maps are induced by the maps
Qgij 8 ‘/ij — R2X2.

where for instance élg(A) = A34A;21. See Problem 2.26 for a detailed discussion.
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Solved Problems

® Problem 2.1 — A C* atlas on a circle (From W. Tu). construct a C°° atlas for the unit circle S?.

Solution The unit circle C! can be described as a set of points S* = {e®|t € [0,27]}. Let U; and
Us be two subsets of S described as

Uy = {e'|t € (—m,7)}, Us = {e'|t € (0,2m)}.

Consider the functions ¢, : U, — R for a = 1,2 given by
¢1 (eit)
¢2(€it)

These functions are in fact different branches of the complex logarithm function 1/ilog(z), thus
homeomorphisms onto their respective images. Thus {(Uy, ¢1), (Uz, ¢2)} is an atlas for St. To
demonstrate the compatibility of these charts, we need to first calculate Uy N Us. This set has two
connected components, i.e. Uy NUs = ALl B where U is used to demonstrate the disjoint union of
A, B. Explicitly, we can write

=1, - <t<m,
=1, 0<t<2r.

A={e|t e (-m,0)}, B=/{elte(0,7)}

First, we start with the function ¢; o qb;l t 92(Ur NUz) — ¢1(Uy NUs). For this function we have

(0,m)U(m,2m) (—m,0)u(0,m)

t t e (0,7),
t—2m te€(m2m).

(drody')(t) = {

Similarly, for ¢, o QSfl : 01 (U NU2) = ¢o(Ur NUz) we can write

(=m,0)u(0,m) (0,m)ui(r,2m)

t+2r te(0,m),
t t € (m,2m).

(20 07")(t) = {

$1 05"

27
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Observation 2.12.1 [ was thinking about my solution to the problem above, and I thought it is
wrong, as I was thinking that the function ¢; is not homeomorphism as it is not continuous.
But the point that I was missing is that this function is indeed continuous on its domain and
the point of discontinuity (i.e. = ) is not in the domain.

® Problem 2.2 Another C* atlas on a circle In the previous problem, we constructed an atlas for a
unit circle siting in the complex plane. In this problem we are going to construct a different atlas
for a unit circle siting in the  — y plane. The following diagram are the charts for this unit circle.
Write these charts explicitly and check if they are pairwise compatible.

Us
U, o3
o1 b2

b4

U4

Solution The explicit formulas for the charts depicted above is as following
(Ur,¢1: U1 = R), (U, ¢2 : Ug = R), (Us, ¢3 : Us = R), (U, ¢4 : Uy = R),
where we have

¢l(xay) =Y QSQ(xay) =Y, ¢3(5L'7y) =, ¢4(3’],y) =

Note that although some of the functions above might have a same formula, but they are different
functions as they have different domains. To show that these functions are pairwise compatible, we
start by noting that since Uy N Uy = &, thus (Uy, ¢1) and (Us, ¢2) are compatible. With the same
reasoning, the charts (Us, ¢3) and (Uy, ¢4) are compatible. Now, we want to show that (Uy, ¢1) is
compatible with (Us, ¢3). We need to show that

¢1 o (,253_1 : ¢3(U1 N U3) — ¢1(U1 n Ug) and ¢3 o (;51_1 : (;Sl(Ul n Ug) — ¢3(U1 n Ug)

(=1,0) (0,1) (0,1) (=1,0)

are C*°. To write them explicitly, we have

(61005 )(@) = 1 (2, V1 —2a2) = /1 - 22

(630 7)) (@) = ds(—v/1—a?,2) = —\/1— 22,
We can see that both of these functions are C*° in their domain. Now, for the charts (Uy, ¢1) and
(U, ¢4) need to show

¢1 o (bzl : ¢4(U1 n U4) — (Z)l(Ul n U4) and ¢4 o d);l : (Z)1<U1 n U4) — ¢4(U1 N U4>

(—1,0) (—1,0) (—1,0) (—1,0)

Also

are C'*° in their domain. Explicitly, we have

(bro¢:")@) =—V1-a2  (dsodr")(a) = —v1—a2
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With the same strategy, we can show that this collection of charts indeed makes a C*° atlas for
the unit circle in  — y plane.

® Problem 2.3 — The real line with two origins (from W. Tu). Let A and B be two points not on
the real line R. Consider the set S = (R — {0}) U{A, B}. For nay two positive real numbers c, d,
define

Is(—c,d) = (—¢,0) U{A} N (0,d)

and similarly for Ig(—c,d), with B instead of A. Define a topology on S as follows: On (R — {0}),
use the subspace topology inherited from R, with open intervals as a basis. A basis of neighborhoods
at A is the set {I4(—c,d) | ¢,d > 0}; similarly, a basis of neighborhoods at B is {Ig(—¢,d) | ¢,d >

0}.
(a) Prove that the map h: I4(—c,d) = (—c,d) defined by

for z € (—¢,0) U (0,d),

is a homeomorphism.

(b) Show that S is locally Euclidean and second countable, but not Hausdorff.

Solution  (a) We need to show that h is one-to-one, onto, and continuous, with continuous
inverse. To show being one-to-one, let x,y € I4(—c,d) such that x # y and possibly one
of them equal to A. If none is equal to A, then h is the identity map which is one-to-
one. However, if one of them is equal to A, let’s say x = A, then h(z) = 0 where h(y) €
(—e,d) U (0,d), thus h(y) # 0. This proves that h is indeed one to one. To show that the
function is onto, let z € (—¢,d). Then if z = 0 we have h(A) = z, and if z # 0, we have
h(z) = z. Thus the function h is a bijection.

As the second step, we need to show that this function is continuous with continuous inverse.
From definition of continuoity, we just need to show that both h and A~! maps opens to
opens (because for continuous function the pre-image of every open set is an open set; and
to show that the inverse of the function is also continuous we need to show that the image
of every open is also open). Let U = (a,b) C I4(—c,d) be an open set in the topology of
S. If A ¢ (a,b), then the image of this set under h is (a,b) which is open in (—c¢,d). But if
A € (a,b), then the image of this set under the map h is (a,0) U (0,b) U {0} = (a,b), which
is also open. Thus h™! is continuous. To show the continuity of A=, let (a,b) C (c,d). If
0 ¢ (a,b), then pre-image of this set under the map f is (a,b) that is open in S. However
if 0 € (a,b), then the pre-image of this set under f is the set (—a,0) U {A} U (0,b) which is
indeed open in S as we can construct this with the basis if opens at A.

(b) First, we show that S is locally Euclidean. To show this let p € S. If p # A and p # B,
then we choose an open set U = (a,b) containing p that does not contain neither of A and
B. Then U is homeomorphic to (a,b) with the identity map. However if p = A, we choose
any open U = (a,b) containing p. Then (U = (a,b),I4(a,bd)) is a local chart. For the case
where p = B, we can find a suitable chart with the same reasoning as for A. Thus we have
shown that S is locally Euclidean.

To show that S is second countable, let B be a basis for R—{0}. Since R is second countable,
then B is countable. Let B = BU I4(—c¢,d) U Ig(—c,d) is a countable basis for S for some
¢,d > 0. This shows that S is also second countable.
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However, this space is not Hausdorff. To show this consider the points A, B. We can not find
any two open U,V such that A € U and B € V and we have U NV = &. Or equivalently,
for all open sets U, V such that A € U and B € V we have UNV # @. That is because from
the basis of the open neighborhoods at A, B we have U = I4(—c¢,d) and V = Ig(—e, f) for
some ¢, d, e, f > 0. It is clear that U NV # 0, thus S is not Hausdorff.

® Problem 2.4 — A sphere with a hair (from W. Tu) . A fundamental theorem of topology, the
theorem on invariance of dimension, states that if two nonempty open sets U C R™ and V' C R™
are homeomorphic, then n = m. Prove that the sphere with a hair in R? is not locally Euclidean
at ¢ (the point that the hair attaches to the sphere). Hence it cannot be a topological manifold.

Solution 'We will proceed with the proof by contradiction. Assume that the ball with hair at point

q is homeomorphic to some open set in R”. Then ¢ has an open neighborhood U homeomorphic
to an open ball B := B(0, ¢) € R", with ¢ mapping to 0. We can restrict this homeomorphism to a
homeomorphism U —{q} — B—{0}. Now B—{0} is either connected if n > 2 or has two connected
components if n = 1, where U — {q} has two connected components where one component is a 1
dimensional manifold (the hair) and the other component is a 2 dimensional manifold (the sphere).
The only case where B — {0} has two connected components is when n = 1. But because of the
invariance of dimension principle, the sphere (2 dimensional manifold) can not be homeomorphic
to a one dimensional manifold. Thus there is no such a homeomorphism between the hairy ball
and R™ and the hairy ball is not locally Euclidean in q.

® Problem 2.5 — Charts on a sphere (from W. Tu). Let S? be the unit sphere, i.e.
§* ={(z,y,2) €R® : 2+ +2* =1}

in R3. Define in S? the six charts corresponding to the six hemispheres (from the front, rear, right,
left, upper, and lower hemispheres) as in the figure.

Ul—{(x y,2) €5 x>0}, ¢ilx,y,2) = (y,2),
={(z,y,2) € S® |2 <0},  ¢a(z,y,2) = (y,2),
={(z,9,2) € S® [y >0},  ¢3(x,y,2) = (z,2),
={(z,9,2) € S® [y <0},  ¢ulw,y,2) = (z,2),
={(z,y,2) € S® [ 2>0},  ¢5(x,9,2) = (z,),
={(z,y,2) €S [2<0},  gslz,y,2) = (z,9).

Note that although some of the functions above might look similar (like ¢3 and ¢4) but they are
in fact different functions as they have different domains. Show that ¢, o qﬁ;l, @4 0 ¢1_1 is C*° on
$4(Uy N U,L), ¢1(Uy N Uy) respectively. Do the same same analysis for ¢g o ¢ *.
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QL

Solution For the set U; N Uy we have

Us

Us

UiNUs = {(x,y,2) €S? : x>0andy < 0}.
Thus we will have
pa(UNUy) = {(x,2) €R?* : 2> + 22 <1, x> 0}.

Thus we can write

(61005 ) ({2, 2) = d1({z, —\/1 = (22 +12),2)) = (=\/1 = (22 +12), 2)

This is indeed a C*° vector valued function, since each component is a C*° function. Now to
evaluate ¢4 o ¢f1 :d1(Up NUy) — ¢4(Up NU4) we need to first evaluate the set ¢ (U; NUy). For
this set we have

o1 (U1 NU) = {(z,y) €eR? : 22 +9*> <1,y <0}

Then we can write

(1007 )((y.2) = ({1 = (2 +22),9,2) = (/1 = (2 +22), 2).

This is indeed a C* vector valued function.
To evaluate the function ¢g o ¢ : ¢ (U NUs) — ¢6(Uy N Us), we first need to determine the
domain of this function. First observe that

UiNUs = {(z,y,2) €S* : z>0andy <0},
which is the same as U; N Uy. Then for the domain of the function of interest we can write

01 (U1 NUs) = {(y, 2) eR?: 224+y*<landy< 0},

(¢6 07 (. 2)) = ds((\/1 = (12 + 22),1,2)) = (V1 — (% + 22),9).

B Problem 2.6 — Existence of a coordinate neighborhood (from W. Tu). Let {(Uy, o) }aecr be the
maximal atlas on manifold M. For any open set U in M and a point p € U, prove the existence
of a coordinate open set U, such that p € U, C U.

Solution Since {(Uy, o) }acr is an atlas, then for p € U given as above, we can find some oy € T
such that p € U,,. Consider the open set W = U,, NU. The chart (W, ¢q,|w) is in the atlas
(since it is maximal), i.e. Ja € I such that (U, ¢o) = (W, ¢a, |w). This completes the proof.

® Problem 2.7 — An atlas for a product manifold (from W. Tu). Prove the following proposi-
tion.
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Proposition 2.17 If {(U,, ¢o)} and {(Vi,;)} are C* atlases for the manifold M and N of
dimensions m and n, respectively, then the collection

{(Ua X ‘/ia¢a X 'll)l)}

where
Ga XW; + Uy xV; 5 R™ x R"

of charts is a C*° atlas on M x N. Therefore, M x N is a C°° manifold of dimension m + n.

Solution In order to show that the collection 4 = {(U, X V;, ¢ X 9;)} is an atlas for M x N,
we need to show that charts are pairwise compatible as well as the set covering the whole space.
To show that the chart covers the whole space M x N, let (p1,p2) € M x N. Then p; € M and
p2 € N. Then there are two coordinate open sets such that p; € U,, and py € V;;. Thus the
coordinate open set U,, X V;, contains the point (p1, p2).

To show that two any two charts in the collection 4 are compatible, let (Uy, X Vi, day X %)
and (Uy, X Viy, da, X 1;,) be two charts. We claim that the corresponding coordinate maps are
C°. This follows directly from the fact the each component of the map these coordinate maps are
C=.

® Problem 2.8 — Smoothness of a projection map (from W. Tu). Let M and N be manifolds and
m: M x N — M, n(p,q) = p the projection to the first factor. Prove that = is a C*° map.

Solution Let p € M and ¢ € N, thus (p,q) € M x N. Let ¢ and ¥ be two coordinate maps such
that ¢(p) = = and ¥(q) = y. Thus we can write (¢,v)(p,q) = (z,y). Consider the function

(pomo(¢xv) ) (z,y) = d(n(p,q)) = $(p) = z.

The function above is a C* map from R"*™ to R" (assuming M, N are m and n dimensional
manifolds). This proves that the projection map 7 is smooth.

® Problem 2.9 — Smoothness of a map tp a Cartesian product (from W. Tu). Let M;, Ms, and N be
manifolds of dimensions my, mo and n respectively. Prove that a map (f1, f2) : N = My x My is
smooth if and only if f; : N — M for ¢ = 1,2 are both smooth.

Solution Consider the following picture.
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(f1, f2)
P M, X M,

Vo oy

@ <,/'1 l(\f’"'l) N fy 1(\,,~:2) Al l/)

For the first direction, we will show that smoothness of (f1, fo) : N — M; x M, implies the
smoothness of fi : N — M; and fo : N — M. As depicted in the picture above, let ¢ be a
coordinate map for N and 1,19 be coordinate maps for Mi, My respectively. Since (f1, fa2) is
smooth, then (¢ X ¥3) o (f1, f2) is smooth. Let p € N, then

(1 xth2)o(f1, f2)od™ ) (B(p)) = ((h1xW2)o(f1, f2))(p) = (b1 xU2)(f1(p), f2(p)) = (V1 (f1(p)), Y2(f2(p)))-

This is a smooth map from R™ to R™*™2, Thus the components of the function are also smooth.

For the converse, we need to show that the smoothness of f; and f; implies the smoothness of
(f1, f2). Similar to the argument above, the smoothness of (f1, f2) follows immediately from the
smoothness of the components.

® Problem 2.10 — Smooth functions on unit circle (W. Tu). We have studied before that the unit
circle St defined by 22 +32 = 1 in R? is a C* manifold. Prove that a smooth function f : R? — R
defined on R? restricts to a C'> function on S!.

Solution Consider the following inclusion map
i: St — R?

defined as i(p) = (z(p),y(p)), where z,y are the standard coordinate functions. The restriction of
f to manifold will be

f|31 = f o1.
To show that f|g1 is smooth, we just need to show that the inclusion map is smooth. To show
this we need to show that the components of this vector valued function is smooth. We start by
showing that z is smooth. We use the same charts as in Problem 2.2. Let p € S*. If pc Us N U,
then we have

Lonozods =L :(-1,1) 5> R?  Lgpozody =1y :(—1,1) = R?

which are both identity maps, thus smooth. So z is smooth on Us N Uy. For U; we have

]l(oyl)oxogzbl_l(:z:):—\/1—x27 for z € ¢1(Uy) = (—1,1)
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thus x is smooth on U; as well. For Uy we have

Lopoxogy (x)=1—-a2  forze ¢(Us) = (-1,1)

thus « is smooth on Us as well. We can use a similar strategy to show that the coordinate function
y is also smooth.

® Problem 2.11 The general linear group GL(n, R) is the set of all real valued matrices with non-zero
determinant under matrix multiplication. In other words

GL(n,R) = {A = [ay;] € R™" | det(A) # 0}

We can see this as an open subset of R™*™ thus it is a manifold. Show that this forms a Lie group.

Solution Let A, B be two matrices in the manifold. Then the i, j element of AB is
(AB)i; =Y AuBu;
k=1

which is a polynomial in the coordinates of A and B, thus it is smooth. To show that the inverse
is also smooth, for any function A in the manifold we have

p—

= JoA) (=1)"*9((4, 4)- minor of A).

The (i, j)-minor of matrix A is the determinant of the sub matrix by deleting the i-th row and
jth column, which is again a polynomial in the coordinates of A and B, thus smooth (given that

det(A) # 0).

® Problem 2.12 — Jacobian matrix os a transition map (form W. Tu). Let (U, ¢) = (U,at,---  a")
and (V,9) = (V,y%,--- ,y") be overlapping charts on a manifold M. The transition map o ¢~ :
d(UNV) = p(UNYV)is a diffeomorphism of open subsets of R™. Show that its Jacobian matrix
J(h o ¢~1) at ¢(p) is the matrix [dy®/dx7] of partial derivatives at p.

Solution From the definition of the Jacobian matrix we can write

ooty oo _dovos™) dy'os™) _ oy
ori ori ori Oxd’
Observation 2.12.2 — Some mnemonics for the Jacobian matrix. Here I introduce a symbolic

mnemonic of remembering the form of the Jacobian matrix of a smooth map between manifolds.
Let F': N — M a smooth map between manifolds. Since this function is from N to M, then
the Jacobian matrix will be of the form

J(F) = [0F /927]

where 27 a local coordinate in N and F* = y* o F where y° is a local coordinate in M. What
we mean by local coordinates here is that for a point p on the manifold for which we want to
calculate the Jacobian matrix, there are charts (U,z'---,2") and (V,y',---,y") on N and
M respectively such that p € U and F(U) C V.

As another example, in the question above, since the function ¢ o ¢~! is defined from
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I R™ — R™, then the Jacobian of this function starts with coordinates of R™, i.e. 7. I

® Problem 2.13 — From W. Tu. Find all points in R? in a neighborhood of which the functions
given by 22 + y? — 1 and y can serve as a local coordinate system.

Solution Define F'(z,y) = 22 + > — 1 and F?(x,y) = y. Then the pair (F!, F?) is locally
invertible, thus can serve as a local diffeomorphism to R2, thus a coordinate map if the Jacobian
determinant [0F?/0x] is not zero. Le.

2z 2y

det {O 1

}22:107&0 = z #0.

Thus the function F' = (F', F?) can act as a local coordinate map everywhere except for on the
points on the y axis. You can see why this happens in the plots below. As you can see, any
path that is not crossing the y axis with zero vertical velocity is diffeormorphically mapped to an
smooth curve. But when the curve passes through the y axis with a zero vertical velocity, then
the curve folds on itself when mapped by F', thus F' fails be locally invertible and thus fails to be
a coordinate map. Thus for any point that is not on the y axis, we can find an open set small
enough that does not overlap with the y axis. But there is no such an open ball for the points on
the y axis. You can try the online plotting tool that I have configured to generate the following
plots here.

/ o | (F!, F?) / | (F!, F?) _o——
—_—— 2 (F17F2) INEFNEEEN el | (FI"FZ) 5
\\ 2 (F*l7 FZ) / \g}\ (Fl, FQ) /+/

® Problem 2.14 — Differentiable structure on R. Let R be the real line with the differentiable struc-
ture given by the maximal atlas of the chart (R,¢ = 1 : R — R), and let R’ be the real line
with the differentiable structure given by the maxima atlas of the chart (R,% : R — R), where
U(x) =23,

(a) Show that these two differentiable structures are distinct.

(b) Show that there is a diffeomorphism between R and R’. (Hint: The identity map R — R is
not the desired diffeomorphism; in fact, this map is not smooth).


https://www.desmos.com/calculator/pam0whmnbs
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Solution  (a) Let M; be the atlas containing (R, ¢) and M, the atlas containing (R, ). Assume
My = Ms. Then (R, ¢) should be compatible with (R, ), i.e. the functions

Ypop ' =R =R, pop 1R =R,

are smooth. This is not true since (¢ o ¢~1)(x) = x'/3 that is not differentiable at 2 = 0. So
My # M and these two atlases are distinct.

(b) For a more clear demonstration, the manifold with atlas generated by (R,¢ =1 : R — R)
the manifold R, and call the other manifold the manifold R’. Define the map F' between
manifolds

F:R— R

as F(p) = p3 for p € R. The inverse of this map will be F~1(p) = p'/3. To show this map is
a diffeomorphism, we need to show that the following

voFog¢ i g(U) = p(FU)),  ¢oF tog l:g(V) = o(F (V)

are smooth. In equations above, (U, ¢ : z — z) is some coordinate system (i.e. chart) on R
whereas (V1) : x — 2'/3) is a coordinate system on R’. Let ¢(x) =z € ¢(U N'V). Then

(o Fo¢t)(z) =¢(F(z)) = ¢(2°) =z,
which is the identity map and is smooth. Furthermore
(poFtog ) (z) = ¢(F (%) = ¢(z) = x,

which is again the identity map and is smooth. Thus the map F' is a diffeomorphism between
the manifolds.

® Problem 2.15 — The smoothness of an inclusion map (From L. Tu). Let M and N be manifolds
and let gy be a point in N. Prove that the inclusion map i, : M — M X N, ig(p) = (p,q0), is
.

Solution Let p € M and let (U, ), (V,¢) coordinate charts for M and N respectively where
xz € U and g9 € V. Then the chart (U x V,9 x ¢) will be a coordinate chart for M x N where
(p,qo0) € U x V. To show the smoothness of iy, we need to show that the following

(¥ % @) 0dgy 0 ™" 1 (U) — (¢ x §)(ig, (U)).
Let ¢(p) = . Then
(% x @) 0y 0™ 1) (w) = (¢ X ¢) 0igy ) () = (¥ X D)(p; 10) = (2, 6(0)).

Thus (¢ x ¢) 0y, 0b~! maps x — (z,¢(qo)) where ¢(qo) € R™ a constant. This is smooth since
each components is smooth.

® Problem 2.16 — Group of automorphisms of a vector space (from L. Tu). Let V be a finite-
dimensional vector space over R, and GL(V') the group of all linear automorphisms of V. Relative
to an ordered basis e = (e, - ,e,) for V| a linear automorphism L € GL(V) is represented by a

matrix [aﬂ defined by

L(e;) = Zazei.
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The map
e : GL(V) = GL(n,R), L+ [a}],

J

is a bijection with an open subset of R"*™ that makes GL(V') into a smooth manifolds, which
we denote temporarily by GL(V).. If GL(V),, is the manifolds structure induces from another
ordered basis u = (u1,- - ,u,) for V, show that GL(V), is the same as GL(V),,.

Solution To show that these manifolds are the same, we will show that the underlying set of
these manifolds are the same. Thus we need to show L € GL(V). = L € GL(V), and
LeGL(V), = L& GL(V).. We start with the first implication. Let L € GL(V),. Then we
can write

L(el) €1
L(en) en

For some matrix A = [a?]. Thus ¢.(L) = A € GL(n,R). Let u = (uy,--- ,uy,) be another basis for
V. By the change of basis matrix (which is non-singular and invertible) we can write

€1 Ui

for some invertible matrix B = [bl]. Since B is n x n invertible, thus B € GL(n,R). From the
linearity of L we have

L(e1) L(us) L(us) L(e1)
=BT, Sl =BNT
L(ey) L(uy) L(uy) L(ey)
Thus we can write
L(uq) U1
| =@ aTE |
L(uy,) Uy,

Thus we can write

(L(u1) -+ L(up)) = BAB Y (uy --- uy)

Thus we can write

6u(L) = BAB™' = Bo,(L)B~" € GL(n,R),

where the equality is true since B € GL(n,R) and ¢.(L) € GL(n,R). Thus ¢,(L) € GL(n,R).
This implies L € GL(V'),,. To show the second implication, we can use the similar idea as above.

® Problem 2.17 — Local coordinate systems (from L. Tu). Find all points in R? in a neighborhood
of which the functions x, 2% + y? + 22 — 1, and z can serve as a local coordinate system.

Solution Define
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Then the function F = (F!, F?2, F3) can be a local coordinate map in a local coordinate system if
its Jacobian determinant is nonzero. Thus we need to have

OFY/ox OF'/oy OF!'/0z 1 0 0
det | OF%/0x OF?%/0y OF?/0z =det| 2z 2y 2z | =2y #£0.
OF3/0x OF3/0y OF3/0z 0 0 1

Thus F = (Fy, Fy, F3) is locally invertible, thus can be a local diffeomorphism to R?, thus it can
be a coordinate char for all points on the manifold where y # 0.

B Problem 2.18 Let I be the unit closed interval I = [0,1] and I/~ the quotient space obtained
from I by identifying the two points {0, 1} to a point. Denote by S* the unit circle in the complex
plane. Show that I is homeomorphic to S'.

Solution As we have discussed in the summary box Summary 2.3, we will use the second method
to show that an isomorphism exists between these two sets. Consider the function f : I — C given
by f(t) = e?™. Thus function assumes the same value for the points {0,1} in its domain that
are in the same equivalence class as well. Thus this induces a map f : I/ ~— S'. Consider the

following commutative diagram.

r—f 9

I/~
Since f is continues, then by Proposition 2.10 f is also continuous. Because

« f is continuous (from our reasoning above).

« f is a bijection (note that f is not a bijection but f is a bijection).
o I/~ is compact (since it is a continuous image of a compact set I).
o S!is Hausdorff.

Then by the proposition embedded in Summary 2.3 we conclude that f is indeed a homeomorphism.

Observation 2.12.3 In the problem above, one might ask why we did not find the homeomor-
phism explicitly as we usually do in other problems. The answer is that we can still find
the explicit homeomorphism but in doing so, we will face some difficulties (not in all of the
problems though). For instance, lets try to find a continuous map g : S* — I/~ that is the
inverse of f. We might arrange the sets and maps in the following form to be able to use the
theorems we have had in this chapter (like Proposition 2.10). Consider the following diagram.

st — 2 g

AN

id Tog ™

N

514!7).[/’\/

The appropriate function to choose is g : ST — I which is the complex logarithm function
with its branch cut on the positive real axis. But this function is clearly discontinuous on the
positive real axis. Although this does not meant that the map 7 o g is not continuous, but to
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show that this map is continuous we need to use the basic definitions to prove it and we can
not use any higher level theorems (at least I am not aware of any). Then when we prove that
7o g is continuous, since it assumes a constant value on all of its points in the domain that are
in the same equivalence class (the equivalence class here is the trivial equality relation, where
each point has relation with only itself), then it induces a map g where its continuoity follows
immediately from the continuoity of 7 o g.

If you be sharp enough, you will understand that the last part of the reasoning is really
redundant (i.e. concluding the continuoity of g from wog). That is simply because g is exactly
the same as 7 o g (can you see this from the diagram?)

® Problem 2.19 Let S? be the unit sphere and 52/ ~ the quotient set obtained from S? by identifying
the antipodal points to a point. Also, let H? be the closed upper hemisphere and H?/~ be the
quotient space obtained from H? by identifying the antipodal points on its equator to a point. Show
that these two spaces are homeomorphisms.

Solution We will use the same approach as the question above. Let i : H? — 52 be the inclusion
map. This map is continuous. Consider the commuting diagram below

H? —— s

N

T T 01 ™2

™~

H?)~ ———— 5%/~

Since 7y and 4 are both continuous maps, then 79 o 7 is also continuous. Also, note that this map
assumes a constant value for all of the points in its domain that are in the same equivalence class.
Thus it induces a map i. Since 75 o i is continuous, then 7 is also continuous. We can also easily
show that 7 is a bijection (although i was not a bijective map). Furthermore, since

e H?/~ is compact (since it is the continuous image of a compact set),
o S?/~ is Hausdorff (I will show below)

from the proposition in Summary 2.3 we prove that 7 is indeed an homeomorphism.

Showing that S?/ ~ is Hausdorff. It follows form Theorem 2.2 that S?/ ~ is Hausdorff if
and only if the equivalence relation is open and the graph of the equivalence relation is closed in
S2 x S2. Form Remark 2.13 it follows that ~ is open if and only if 7! (w(U)) is open in S? for all
open U C S2. Let U C S? open. Then

’/Til(ﬂ—(U)) =Un {(’I},y,Z) € RS : f(as,y,z) € U}

Since both of sets above are open, thus 7=!(w(U)) is open.
To show that the graph of the equivalence relation is closed in S? x S? we have

R={(z,y) €5*x 8% : z~y}={(z,y) €5?x 5% : z =4y}
={(z,4z) v € S?*} = {(x,2) : 2 € S} U{(2, —x) : v € S?}.

On the other hand, from Corollary 2.2 we know that since S? is Hausdorff, then {(z,z) : x € S?}
is closed (as well as {(z, —x) : @ € S?} ). Thus R is closed in S? x S2.
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® Problem 2.20 — Image of the inverse image of a map (from W. Tu). let f : X — Y be a map
of sets, and let B C Y. Prove that f(f~1(B)) = BN f(X). There fore if f is surjective, then

f(f~4(B)) = B.

Solution We basically want to show that the two following sets are equal

FUfFH(B) = BN f(X).
If f(f~Y(B)) = @, then it follows immediately that f(f~!(B)) = BN f(X) = @. For that case
that f(f~Y(B)) # @, let y € f(f(B)~!). Note that f(f~'(B)) # @ = f~}(B) # @. This
immediately implies that y € f(X). Also we can write
yef(f7I(B) = [Ty efI(B) = yeB
Thus we get y € BN f(X). For the converse, let y € BN f(X). Then we can write
Uy e FFUBN X)) = fH(B)NX = f1(B).

This implies
y € f(f71(B)).

Now as a simple corollary, if f is surjective, then f(X) =Y, which implies

J(FN(B) = BNY = B.

B Problem 2.21 — Closedness of the diagonal of a Hausdorff space (from W. Tu). Deduce Theorem 2.2
from Corollary 2.2.

Note.You might be quite confused as in the text we used the corollary mentioned above as an
immediate result of the theorem above (which is the case in most of the cases). But in this case,
the corollary has enough strength that can prove the original theorem.

Solution Let S be a topological space and ~ an open equivalence relation. We start with the
forward direction. I.e. we want to show that S/~ is Hausdorff implies that the graph of ~ is closed
in S x S. Consider the diagonal of S/~ where

A={(zx,z) € S/~ xS/~}.

We know that A is closed in S/~ xS/ ~, as S/~ is assumed to be Hausdorff and Corollary 2.2
implies that A is closed in S/~ S/ ~. Also, consider the graph of the equivalence relation

R={(z,y) € SxS[a~y}={(z,y) €Sx5S |n(x) =mn(y)}.

This suggest that A is the image of R under the map II : S x S — S/ ~ xS/ ~ that maps
(z,y) € S xS+ (w(z),n(y)). So we can write

A =TI(R).

Or equivalently, we can state that R is the pre-image of A under that map II, i.e. R = I1"}(A).
Since that components of the map II are continuous, thus the pre-image of open sets are opens
sets (or equivalently, the pre-image of closed sets are closed sets). Since A is closed in S/~ xS/~
then it implies that R is closed in S x S.

To prove the converse, we need to show closedness of R in S x S implies S/~ is Hausdorff. First
note that A is the image of R under the map II, i.e. A = II(R). Since the equivalence relation
is open, then 7 maps open sets in its domain to the open sets in its pre-domain (or equivalently,
it maps closed sets to closed sets.). So does II. Since R is closed in S x S, then A is closed in
S/~ x8/~. Then from Corollary 2.2 it follows that S/~ is Hausdorff.
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® Problem 2.22 — Quotient of a sphere with antipodal points identified (from W. Tu). Let S™ be the
unit sphere centered at the origin in R"*!. Define an equivalence relation ~ on S™ by identifying
antipodal points:

T~y << = ty, x,y € S™.

(a) Show that ~ is an open equivalence relation.

(b) Apply Theorem 2.2 and Corollary 2.2 to prove that the quotient space S™/~ is Hausdorff,
without making use of the homeomorphism RP™ ~ S™/ ~.

Solution In some parts of our solution for Problem 2.19 we proved this for the case n = 2. To
prove it for any n € N we will use a pretty much same approach.

(a) By Remark 2.13 we need to show that for every U C S™ the set 7—*(w(U)) is open in S™.
Let U C S™ be an open set. Then

7 xU) =UU{z eR™! | —z e U}

Since both sets in the RHS are open, then 7=1(7(U)) is open in S™. Thus the equivalence
relation is open.

(b) We need to show that S™/~ is Hausdorff. Since the equivalence relation is open (proved in
part (a) above), then by Theorem 2.2 we just need to show that the graph of equivalence
relation is closed in S™ x S™. For the graph of this equivalence relation we have

R={(z,y) € §"xS" |z~ y} = {(2,y) € "xS" |2 = £y} = {(&,) |z € S"}U{(z, ~a) | ¢ € §"}.

Since S™ is Hausdorff (under the subspace topology), then by Corollary 2.2 the two sets in
the RHS above are both closed, thus making R closed, hence S/~ xS™/~ is Hausdorff.

Be Careful Here! ‘§i4 2.12.1 In my proof above, Since S™ is Hausdorff, then by Corollary 2.2
it implies that A is closed. In the proof above I also proved that {(x, —z) | x € S™} is closed,
but I have not proved it.

® Problem 2.23 — Orbit space of a continuous group action (from W. Tu). Suppose a right action
of a topological group G on a topological space S is continuous; this simply means that the map
a8 x G — S describing the action is continuous. Define two points x,y of S to be equivalent if
they are in the same orbit; i.e. there is an element g € G such that y = xg. Let S/G be the quotient
space; it is called the orbit space of the action. Prove that the projection map = : S — S/G is an
open map.

Observation 2.12.4 In the problem above, note and appreciate (!) that the group G is stated
to be a topological group. If G was not a topological group, then we were not able to talk
about the notion of continuoity of the right group action. The continuoity of the right group
action implies that for any open set U C S we have a=1(U) C S x G is open.

Solution First, we need to prove the following Lemma.
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Lemma 2.2 Let S be a topological space and G be a topological group. Consider the right
action of the group G on S via the map

a:SxG— S, a(s,g) = sg
If the right action if continuous (i.e. the map « is continuous) Then for g € G the map
ag: S =8
is a homeomorphism.

Proof. We need to do the following three steps

e We need to show that o is a bijection that is continuous with a continuous inverse. «y is
indeed inverse with the inverse given by a,-1, where ¢~ ! € G is the inverse element of g € G
(note that since G is group then the inverse exists). Observe that

aglag-2(z)) =zg g =x,  ag(ag(r) =299 = .

o We need to show that oy is continuous. Since the map o is continuous, and a4 is just a
restriction of the « for a fixed g, then « is also continuous.

Alternatively, we can show the continuoity of oy by showing that the pre-image of any open
set U C S is open under the subspace topology of S x {g} (where its open sets will be of the
form Ts x {g}).

e We need to show that ozg_l is continuous. Similar to our reasoning above, since « is continuous

and a;l is a restriction of a to the constant g—!, a;l is also continuous.

O

To show that 7 is an open map, by Remark 2.13 we need to show that for any open U € S the set
7~ Y(w(U)) is open in S. Let U C S be any open set. Then

a7 N (x(U)) = U Ug.

geG

From the Lemma we prove above, for any fixed g, then map a4 : S — S is a homeomorphism.
Thus Vg € G the set Ug is open in S. It follows immediately that 7#=1(7(U)) is open as well.

® Problem 2.24 — Quotient of R by 27Z (from L. Tu). Let the additive group 27Z act on R. on the
right by « - 27n = x + 27n, where n is an integer. Show that the orbit space R/27Z is a smooth
manifold.

Solution To show that X = R/27Z is a smooth manifold, we need to show that X is a Hausdorff
and second countable topological space. Furthermore, we need to exhibit a mazimal atlas.
Showing that 7 is an open map. We first need to show that the projection map 7 : R —
R/27Z or equivalently 7 : R — R/ ~ is an open map. Note that the equivalence relation ~ is
defined as z,y € R are equivalent, i.e. = ~ y if y = x - g for some g € 27Z or equivalently,
y = x + 2mn for some n € Z. Since the group action map a(z,n) = x + 27n is continuous, then by
Lemma 2.2 we conclude that the projection map 7 is open.
Showing that R/~ is second countable. Since 7 is an open map, then by Proposition 2.12
we can conclude that R/~ is second countable.
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Showing that R/~ is Hausdorff. Since 7 is an open map, to show that R/~ is Hausdorff, by
Theorem 2.2 we need to show that the graph of the equivalence relation R is closed in R x R. The
graph of this equivalence relation is

R={(z,y) eRxR|z~y}={(z,y) e RxR | y=2x-g for some g € 27Z}
={(z,y) e RxR | y =2+ 27n for some n € Z}.

This R is the set of all lines in R? with slop 1 with y-intercepts equal to 27n for some n € Z. This
set is indeed closed in R? as its complement is open in R?. We can prove the openness of R¢ by

first writing at as
k=] S,

neZ
where .S, is the open set between two lines with slope 1 and intercepts 27(n) and 27(n + 1). Since
R€ is union of open sets, thus it is open.
Exhibiting a maximal atlas See the box below.

Be Careful Here! il 2.12.2 For the last part of the question above, to show that R/27Z is a
smooth manifolds, I need to exhibit a maximal atlas (at least I think I need to do that!). To
do this, I have a feeling that I need first to find any atlas, and then by using Summary 2.6 we
can show that the manifold is smooth. But, instead of designing a smooth atlas, I think® I can
show that this manifold is smooth by showing that it is homeomorphic to S' which is indeed
a smooth manifold. Calling this homeomorphism as f, and considering the atlas {(Uy, ¢o)} as
an atlas for S!, then the atlas for R/27Z will be {(f~1(Uy)), ¢a © f}-

“See the box below.

Be Careful Here! ‘§lA 2.12.3 — Your thought in the box above is not actually true!. In the Be-
CareFul box above, I said I think I can show that the manifold is smooth by showing that it
is homeomorphic to another manifold. This is not exactly true! Note that in the category of
topological spaces the isomorphisms are the homeomorphisms, but in the category of smooth
manifolds, the isomorphisms are the diffeomorphisms, not homeomorphisms. Thus in the Be-
CareFul box above we actually need to show that the manifold of interest is diffeomorphic to S*,
not homeomorphic. The good news is that my proof below does not break apart. Surprisingly
it is the same procedure in one of the exercises of L. Tu, which I have solved in Problem 2.25.

(The old and vague solution) Showing that R/27Z ~ S!. For this we need to find a
homeomorphism. Consider the map f

R—L s stcc

A

R/27Z

where z — 2™ This map assumes a constant values for all of the elements in the same equivalence
class. But it induces the map f, and the diagram above commutes. Continuoity of f implies the
continuoity of f. Although f has no inverse (since it is not one to one), but we can find an inverse
for f that is given by

S =R

e 60 mod 2.
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Thus f is a bijection. Since R/27Z is compact (continuous image of a compact set), and S is
Hausdorff (with the subspace topology of C), by Summary 2.3 we conclude that R/27Z ~ S*.

The new and correct solution. For this, we present a C'* compatible chart for this manifold.
First, consider the following open sets on the manifold

Vi={[t]|te(-mm}  Va={[t][t€(0,2m}

In words, what we really mean is that V; contains the equivalence classes whose representatives
comes from the set (—m, 7). Similarly for Vo, we say that it contains the equivalence classes whose
representatives comes from the set (0,27). We define the following coordinate maps

¢1: Vi =R @2 : Vo =R
[t] — ¢t [t]—t
Note that although the functions ¢, and ¢ look similar, but they are different functions as
they have different domains. These two functions both return the representative of the equivalence

classes in their argument. Note that we said the representative and not a representative) because
of the design of their domain. For instance, let’s parse the following operation

¢1([23.57]) = —0.57.

Since the domain of ¢; is the equivalence classes whose representatives comes from the set (—, ),
then we need to find a representative for [23.57] that lives in (—m, 7). Le. [23.57] = [1.57] =
[—0.57].

We claim that the collection {(V1, ¢1), (Va, ¢2)} is a C>° compatible atlas. To show this we simply
need to show that the coordinate charts are compatible. We start with

b10hyt t pa(Vi N Vi) — 1 (Vi N Va).

Note that

VinVe={[t] | t € (0,7)U (r,2m)}
or equivalently

VinVe={[t] | t € (—m,0)U(0,m)}.
Thus the function ¢; o ¢ * will be

$10¢5" 1 (0,7) N (7,21) — R.

and is given by
t t e (0,m),
t—2n te(m2m).

(¢1 005" )(t) = {

Similarly we can write
g0t p1(ViNVa) = ¢a(ViNVa),
——

(=m,0)n(0,)

is ¢ 0 ¢f1 is given by
t+2r te(-m0),

(62067 1)(t) = {t o

Since both of these functions are C*° in their corresponding domain, then it follows that the
exhibited collection of coordinate charts is indeed a C'*° atlas.
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® Problem 2.25 — The circle as a quotient space.

(a) Let {(Uy, ¢a)}2_; be the atlas of the circle S in Problem 2.1, and let ¢, be the map ¢,
followed by the projection R — R/27Z. On Uy NUy = AU B, since ¢ and ¢9 differ by an
integer multiple of 2, 1 = ¢o. Therefore, @1 and ¢o piece together to give a well-defined
map ¢ : S* — R/27Z. Prove that ¢ is C™.

(b) The complex exponential R — St s €', is constant on each orbit of the action of 277Z.

Therefore, there is an induced map F : R/27Z — St, F([t]) = €. Prive that F is C*°.

(c) Prove that F : R/27Z — S! is a diffeomorphism.

Solution
(a) We define the map ¢ : S? — R/27Z as following

- (rogy)(x) zelU,
(mogo)(x) x€Us.

Considering the atlas {(V,, o) }2_, for R/277Z that we constructed in Problem 2.24, we can
show that ¢ is C by simply showmg that it is a smooth map between manifolds (i.e. using
Definition 2.11). Thus we need to show that the following maps (in their corresponding

domains)

progodrt g1 (Urng (V1)) = ¢u(o(Uh)),

rogodyt: ge(Ua N~ (V1)) = ¢1(d(U2)),

oo dodrt i gi(UrNg ! (Va)) = va(d(Uh)),

Paogogy’  a(UaNg (Vo)) = a(¢(Ua)).
are smooth. To avoid multiple references to Problem 2.1 we write the following definitions
here.

Uy = {e’|t € (—m,7)}, Uy = {e'|t € (0,2m)}.

Now we can analyze all of these maps one by one. First, observe that

“tv) = U (=7 + 2nm, 7 + 2nmw), (V) = U (2nm, 27 + 2nw).
neZ nez

which are demonstrated in the following diagrams. On the other hand we have

7 H(Va)
< ) X ) Y=
—4r —2m 0 27 ar
¥ ¥ ¥ ¥
—37 -7 T 37

Uiné™ (Vi) = (¢1' on (W), UanNg™' (Vi) = (d3 o H)(Va),
Uiné™ (Vo) = (¢7 om 1)(Va), Uang™'(Va) = (63" o H)(Va).

The image of these maps are shown in the figure below
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Thus we will have

o1 (Ui N~ (W) = (—m,m),
$2(U2 Mg~ (V1)) = (0,m) U (m, 2m),
$1(U1 N ¢~ (Va)) = (—7,0) U (0,m),
$2(Uz N ¢~ (V2)) = (0,2).

Now we can re-write the maps of interest as

progodrt: (—mm) = Pi(p(Uh)),
progogy’:(0,m) U (m,2m) = 1 (¢(U2)),
Paododyt: (=m,0)U(0,7) = ¢a(d(U1)),
Ppodody ! :(0,2m) = ha(¢(Ua)).

which are given by
(rodogr!)(t)=(ro(mog)ogr )(t) =vu(x(t)) =([t]) =t,  te(-mm).

(¥1060631)(1) = (1 0 (70 62) 0 63 )(t) = Ya(m(t)) = 6 ([1]) = {i o e E?r 7;!).

(206 007")(1) = (o (w0 §) 0 67)(1) = (1)) = (1)) = {EHW tego;’f)’

(20 h0 ¢y )(t) = (Y20 (moda) 0 dy ) (t) = vha(r(t)) = yu(t) =t,  t€(0,2m).
All of the maps above are C>°. This shows that 1 is indeed C°.

(b) With a similar approach as above, using Definition 2.11 we need to show that the following
maps are smooth.

proFoy ! (Vi nFH(Uy
proF oyt

paoF oty iy
a0 Fopyt i ahp(Von F~H(Us
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First, observe that

VinF () ={[t] | t€ (-m,m)} = wi(VinF~ (Th)) = (~7,7),

Von FHU) = {[t] | t € (0,7) U (m,27)} = a(VaN F~1(Uy)) = (0,7) U (, 27),
VinF~HUz) ={[t] | t € (~=m,0)U(0,m)} = (Vi NF~}(U2)) = (~7,0) U (0, ),
VanF7H(Us) = {[t] | t € (0,2m)} = 4a(VaNF~1(U2)) = (0,2n).

Thus we can re-write the map definitions

$roFoyy:(—m,m) — ¢1(F(U1))
$roF oyt (0,m) U (m,21) = ¢1(F(U2))
¢ 0 F oyt (=m,0)U(0,m) = d2(F(Ur))
$20 F oty :(0,2m) = ¢2(F(Us))

These maps are given by

(proFoyr)(t)=di(c")=t,  te(-mm).

<¢1oFo¢;1><>{i_2ﬂ o
<¢20Fo¢;l><>—{j”” o

(p20 Fotpy ') (t) = ¢o(e™) =t,  te(—mm).
All of the functions above are C°°. Thus F' is C*°.

To show that F' : R/27Z — S! is a diffeomorphism it is enough to show that ¢ : S — R/277Z
is inverse of it. Consider the following composition of maps

Fog:8t = st
For the points x € U; C S, since Uy = {e' | t € (—m, 7)} we have

(Fomog)(z) = (Fomog)( £ )= (F(x(t)=F({t]) =e".
te(—m,m)

Similarly, for the points z € Uy C S*, since Uy = {e® | t € (0,27)} we have

(Fomog)(z) = (Fomogs)( & )=F(n(t)) = F(lf)) = .
te(0,2m)

For the converse, consider the following map
o F:R/27Z — R/27Z.
Let [t] € R/2xZ. Then we have
(¢ o F)([t]) = d(e) = m(t + 2n7) = [t] for some n € Z.

This shows that F' is indeed a diffeomorphism between manifolds.
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Summary B 2.10 In the question above, we proved (by finding an explicit diffeomorphism)
that R/27Z is diffeomorphic to S c C.

B Problem 2.26 — The Grassmannian G(k,n). The Grassmannian G(k,n) is the set of all k-planes
through the origin in R™. Such a k-plane is a linear subspace of dimension k of R™ and has a basis
consisting of k linearly independent vectors ay,--- ,ax in R™. IT is therefore completely specified
by an n X k matrix A = [a; --- ag] of rank k, where the rank of a matrix A, denoted by rank A
is defined to be the number of linearly independent columns of A. This matrix is called a matrix
representative of the k-plane.

Two bases ay,--- ,a; and by, --- , b, determine the same k-planes if there is a change of basis
matrix g = [g;;] € GL(k,R) such that

or equivalently
bj =Y gija;,
i

or in matrix notation
B = Ag

where B, A are matrices whose columns are the vectors ai,--- ,ar and by, -+ , by respectively.
Let F(k,n) denote the set of all n x k matrices of rank k, topologized as a subspace of R™*k,
Thus F(k,n) is an open subset of R"*¥,
Let the group GL(k,R) act on F(k,n) on the right by A-g = Ag where the right hand side is
the usual matrix multiplication. Consider the orbit space F(k,n)/GL(k,R). Equivalently, we can
show this space as the quotient space F'(k,n)/~ where the equivalence relation ~ is given as

A=B ifft A= Bg forsomege GL(n,R).

There is a bijection between the Grassmannian G(k,n) and the orbit space f(k,n)/GL(k,R). We
given the Grassmannian G(k,n) the quotient topology on F(k,n)/GL.

(a) Show that ~ is an open equivalence relation.
(b) Prove that the Grassmannian G(k, n) is second countable.

(¢c) Let S = F(k,n). Prove that the graph R in S x S of the equivalence relation ~ is closed.
(Hint: Two matrices A = [a; --- ax] and B = [by --- bg] are equivalent < every column
of B is a linear combination of the columns of A < rank[4A B] <k < all (k+1) x (k+1)
minors of [A B] are zero).

(d) Prove that the Grassmannian G(n, k) is Hausdorff.

Now we want to find a C* atlas on the Grassmannian G(k,n). For simplicity, we specialize
to G(2,4). For any 4 x 2 matrix A, let A;; be the 2 x 2 sub matrix consisting of its ith row
and jth row. Define

Vij ={A € F(2,4) | A;; is nonsingular}.

For any A € V;j, since det (Aij) # 0 (i.e. it is nonsingular), then we can perturb it small
enough and by continuoity of the determinant operator the nonsingularity of A;; persists.
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This shows that V;; is indeed an open subset of F'(2,4). Alternatively, we can show this by
arguing that since the complement of V;; is defined by vanishing of det (Aij), we conclude
that V;; is an open subset of F'(2,4).

Prove that if A € V;;, then Ag € V;; for any nonsingular matrix g € GL(2,R).

Define U;; = V;;/~. Since~ is an open equivalence relation, U;; is an open subset of G(2,4).
For A € Vi5
1
_ 0 1
A~ AAG = = 1
12 * |:A34A121:|
*

N ¥ X = O

This shows that the matrix representative of a 2-plane in Uj5 have a canonical form B where

By is the identity matrix.
Show that the map ¢y : Vig — R2X2,

$12(A) = Aza A7y
induces a homeomorphism ¢15 : Ujo — R2 x 2.

Define similarly homeomorphism ¢;; : U;; — R?. Compute ¢;5 o ¢2_31, and show that it is
C*.

Show that {U;; | 1 < i < j < 4} is an open cover of G(2,4) and that G(2,4) is a smooth
manifold.

Solution

(a)

According to Lemma 2.2 the projection map 7 : F(k,n) — F(k,n)/GL is an open map if
and only if the group action map « : F(k,n) x G — F(k,n) is continuous. Let A € F(k,n)
and g € G. Then B = a(4,g). For the element by; of B we have

by = Z Ariga

which is a polynomial. Thus « is a continuous map. Now according to Lemma 2.2 the
equivalence relation ~ is open.

From Proposition 2.12 it follows that since ~ is an open equivalence relation, then quotient
space G(k,n) = F(k,n)/~ is second countable.

To show that R is closed by showing that it complement is open. Let © € R°. Then z = [A B
for some matrices A, B € S where the matrix [A B] has at least on (k + 1) x (k + 1) that
is not zero. Then by continuoity of determinant operation, for small enough € > 0 we can
find an open ball B, centered at [A B] € R"*2F such that for all y € B, the non-zero minor
persists. This shows that R° is open which implies the closedness of R.

Since~ is an open equivalence relation and also the graph of the equivalence relation is closed
in S x S, then by Theorem 2.2 it follows that G(k,n) is Hausdorff.

First, observe that

(Ag)i; = Aijg.
Let A € V;;. Then from definition we know that det(Aij) # 0. Since (Ag)ij = A;;g and
det((Ag)q;) = det(A;;) det(g), then from nonsingularity of g it follows that det((Ag)s;) # 0.
Hence Ag € Vj;.
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Consider the following diagram.

‘/12 (;12 R2><2
|
Uiz

First observe that q~512 assumes a constant value for all the points in its domain that are in the
same equivalence class. That is because if for A, B € Vi3 we have A~ B, then 3g € GL(2,R)
such that A = Bg. Thus

A34 AT = $12(A) = d12(Bg) = (Bg)34(Bg) 15 = Bsagg ' Byt = BaaBry".

Also, since ¢~512 is continuous, then it follows that the induced map ¢12 is also continuous.

Now, we need to find an inverse for this map. Consider the map

1
. TR2X2
12 : R*Y = Urg, M — {M}

This inclusion map is indeed continuous. Now we need to show that ) and ¢ are inverse
maps. Consider

1/)0¢ZU12*>U12.

Let A € Uy2. Then we know that there exist a canonical representation of A as

I
A~ 1
|:A34A121:|

Then
I

_ 1y _ | 1
1/)(¢( |:A34A1_21:| )) - ¢(A34A12 ) - |:A34A1—21
For the converse, consider the map
¢ow:R2X2—>R2X2.
Let M € R?*2, Then
1
(¢ op)(M) = ¢as( {M}) =M.

This shows that i and ¢ are inverse maps and this completes the proof.

For this map we have
$12 0 ¢33 : $(Ura N Uss) — R**2,

Note that the set U;o N Usg is defined as the quotient space of Vi N Va3 where
ViaNVos = {A S F(274) | det(Alg) # 0 and det(Agg) #+ 0}

For any matrix in A € U5 it will have a canonical form

I
A~ _
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and similarly for B € Usg

o O
QU= O

where

a b _
L d} = BBy

Let M € ¢(U1p N Usz). Then

My Mo -1
(d12 0 ¢35 ) (M) = ¢1 0 1| | My M22} { 1 0 } '
My Moo

The result of the matrix multiplication above is a polynomial in terms of the components,
thus it is C°.

First observe that V;; for 1 <¢ < j <4 are open subsets of F(2,4). For instance, if A € V3,
then A5 is nonsingular. From the continuity of the determinant operator, the nonsignularity
persists under small enough perturbation. Also, since the projection map 7 is an open map
(shown in part (a)), then U;; are open subsets of G(2,4). Now we need to show that all U;;
covers the whole space. Since there is a bijection between G(2,4) and F'(2,4)/GL(2,R) (as
we discussed in the statement of the problem), thus for any « € G(2,4) there exists A € Uj;
for some 1 <i < j < 4. Thus the set {U;; | 1 < i < j <4} is an open cover for G(2,4). Also
from what we showed above, the atlas

{Uij i) 11 <i < j <4}

is C* compatible. Thus G(2,4) is a smooth manifold.
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3. Tangent Spaces

Tangent Spaces

For several reasons, the notion of tangent space is more easily developed using algebraic view point
rather than the geometric one. Then we can easily construct our geometric intuition from using
the developed theory. We start with the notion of derivation.

Definition 3.1 — Derivation at a point. Let M be a manifold and p a point of manifold. Let
Cp2(M) denote the germ of C°° functions at p. Derivation at p is a linear map

D:Cr(M)—R
such that for f,g € C;°(M) we have
D(fg) = D(f)g+ fD(g).
The definition above is a purely algebraic one.
® Remark 3.1 The set of all point derivations at p forms a vector space.

Definition 3.2 — Tangent space. Let M be a manifold and p € M. The tangent space at p
denoted by T,,(M) is the vector space of all point derivations at p.

In the following proposition we will see a very familiar point derivation.

Proposition 3.1 — Partial derivative 9/9z"|, is a tangent vector. Let M be a manifold and p €
M. Let (U, ) be a coordinate chart containing p and f : M — R a function defined at a
neighborhood of p. By definition we have

0
oz’

0
pf T o ’¢>(p

)(f0</>71)

where 2 = i o f with r' as the standard coordinate function of R". The map z2;| is a point
“lp

derivation at p, thus a tangent vector.
Proof. First observe that 9/0z;[, is indeed a linear map from Cp°(M) to R. Let f,g € C°(U)

75
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and (U,z',--- ,2") a coordinate chart. Then we have
0 0 1,0 1 _1
8.13i p(fg) - 67"i ¢(p)((fg)o¢ )_ 87,1' ¢(p)(fo¢ go¢ )
0 1 0 1
= . . + . _
P ¢(p)(f0¢ ) 9(p) + f(p) - 55 ¢(p)(90¢ )
0]

O

Definition 3.3 — Differential of a smooth map. Let ' : N — M be a smooth map between
manifolds. This map induces a linear map called the differential of F

F, : T,N = Tpp)M
where for Xp € T, N we have

(Fe(Xp))f = Xp(f o F)

where f is a germ at p.

I Proposition 3.2 Let F': N — M. It differential F is a derivation at F(p) for p € N.

Proof. See Problem 3.1 O

Differential of a map between Euclidean spaces

To see what kind of an object is the differential of a map, we calculate it explicitly on Euclidean
spaces. Let F' : R® — R™ be a map and let 21, -+, 2" be the standard coordinate functions of
R™ while y!,---,3™ be the standard coordinate functions of R™. Let p € R™. since F, is a linear
map between two vector spaces, then we can write it as a matrix once we fix the basis for the
spaces. The basis for T,(R") is the set {9/0z"|,};, while for T,,(R™) is {9/9y’|,};. To get the
matrix representation of F, we need to find its effect on the basis vectors

81‘1' Z % @‘F(;ﬂ)

By applying it on y; we will get

0
Oz

This is precisely the Jacobian matrix of F' evaluated at p.

0

a_F( ‘)y:@p(y°F> O

ol

The Chain Rule

A nice thing behind this algebraic point of view is that we can now write the notion of chain rule
in a much simpler form. The following propositions captures this ides.

Proposition 3.3 — The chain rule. Let F': N — M and G : M — P be maps between manifolds,
and p € N. Then the differential of F at p and G at F(p) are linear maps

*,p G.,
T,N 22 7o 2259 7op
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Then we have
(G [©] F)*,p = G*’F(p)F*J,.

Proof. Let X, € T,,(N). From definition we have for some f : G — R we have
(GoF)upXp)f = Xp(foGoF) = Xp((foG) o F) = (F.pXp)(f 0 G).
Let Y, = F, , X, where ¢ = F(p). Then
Yo(f o G) = (GugYy)f.

This implies that
(GoF)ip=GigFup

and this completes the proof. O

® Example 3.1 Let F: R — R3 and G : R?® — R. Then the differential of the composite function
G o F is the matrix multiplication of the differential of each map. I.e.

Fy
0G dFy, 0GdFy, 0GdF;3
GoF), =G, F,=(G, G, G,)- | Fy | =G, F/+G Fy+G,Fy = —— 4+ ———= 4 _—— "=
(GoF) ( v G2) le 1 Gyl 357 0x dt | Oy dt | 9z dt
3
which is the same chain rule in calculus. n

Writing the chain rule in this form not only is visually appealing, but also we can deduce two
important Corollaries from it as follows.

Corollary 3.1 — Diffeomorphism of Manifolds vs. Isomorphism of Tangent Spaces. Let F': N — M
be a diffeomorphism of manifolds and p € N. Its differential F is an isomorphism of tangent
spaces T, N and T, M.

Proof. F being a diffeomorphism of manifolds, it implies that we have G : M — N such that
GoF =1y and F oG = 1);. Now using Proposition 3.3 we can write

(GOF)* =G, oF, = (]]-N)* = ]]-TPN
(FoG)s=F.0G:=1m)s= L1y, M-

This shows that F, and G, are the right and left inverses of each other, hence an isomorphism of
vector spaces. O

Corollary 3.2 — Invariance of Dimension. Let U C R"™ and V' C R™ be open subsets that are
diffeomorphic. Then m = n.

Proof. Let F : U — V be a diffeomorphism and p € U. Then Fj is an isomorphism of tangent
spaces T,U and Tr(;)V, thus of the same dimension. Since in a Euclidean space the tangent space
has the same dimension as the space itself (by definition and the way that we construct a basis for
tangent space using the standard coordinate vectors) then this implies that n = m. O

Corollary 3.3 — Tangent Space Has the Same Dimension as Manifold. Let M be a manifold of
dimension n and p € M. Then T, (M) is isomorphic to R” and has dimension n.

Proof. Let (U, ¢) be a coordinate chart containing the point p. Since M is assumed to be a smooth
manifold, then the coordinate map ¢ automatically upgrades to a diffeomorphism between U and
R™. Thus the tangent spaces T;,(U) and Ty, (R™) are isomorphic. This implies that T},(U) is also
of dimension n. O
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Basis for the Tangent Space at a Point

Proposition 3.4 — Differential of a Coordinate Map. Let M be a manifold, p € M, and (U, z!--- ,2™)
a coordinate chart containing p. Then

0
ozt

0

P 87“i

o

&(p)

Proof. This follows immediately from the definition. Namely for a function f defined on U we
have

0 0 0 0

p— p— _1 p— .
(¢*(axl p))f - axz p(fo¢) ari ¢(p)(fo¢o¢ ) arl‘ ¢(p)f
This implies
0 0
05z, = ar 6(p)’
O
® Remark 3.2 Remember that in Definition 2.13 we defined
0 0 1
i - . D
3 = Bty 87 (*)

where (U, ¢) is a coordinate chart containing p and 2° = r? o ¢. The proposition above justifies
this definition. This proposition states that 7},(M) ~ T, (R") with ¢, as an isomorphism. This
basically means that 9/0x* maps to 9/9r* with map ¢, or equivalently, 9/9r* maps to 9/0x* with

the map ¢ !. Le.

0 0

- via ¢y
Oxtlp — Or'lg(p) ?
and 9 9
e
iy Bl VO
Thus starting with the LHS of (») we can write
0 1, 0 0 1
- - - = " o .
o F= 6 | = ] (o8

Proposition 3.5 — Basis for Tangent Space. Let M be a manifold of dimension n and p € M.
Then the vectors 9/dx!|,, - ,0/0z"|, is a basis for the tangent space T, (M).

Proof. Let (U, ¢) be a coordinate chart containing p. By Corollary 3.3 we see that T,,M is iso-

morphic to R™ with ¢, as a possible isomorphism. Since an isomorphism of vector spaces carries

basis to a basis, and by Proposition 3.4 ¢, maps the standard basis a%l‘ R

o) o)
d/0xt,, -+ ,0/dx™|, respectively, then this forms a basis for T,(M). O

® Remark 3.3 For a point p € M, once we fix a coordinate chart containing p we have a basis for

T,(M)
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Proposition 3.6 — Transition Matrix for Coordinate Vectors. Let M be a manifold and p € M.
Let (U, ¢ = (xt,--- ,2™)) and (V,% = (y',---,y™)) be two coordinate charts containing p. By
Proposition 3.5 the following two collection of tangent vectors form two possible bases for T, M

0

p,...7@

0

15) 0
{5at

p}’ {Biyl‘p’ 7@‘})}'

The transition rule between these two basis is given by

P oyl 0
dxd zl: OxI Oy’

onUNV.

Proof. We can think of this as ¥ is a map between manifolds, i.e. ¥ : UNV C M — R".
Considering the chart (W, 1gn) for the target manifold of v, what we are looking after is to see
how does v, maps the tangent vector 9/0x7. For 1, it is a map from Ty N to Typ)R™ where the
basis for Ty, R™ is the collection {9/9r'};. Thus we can write

Vs (6/8x1|p) = Z a?@/a?"kh/,(p).
k

Applying ¢ to both sides will result in
aj = 6.(0/027|,)r' = 0/027|,(r' 0 6) = 00|y,
So far we have shown that 5 P
_N W 9
w*(axj) N - oxI Ort

Now by applying ¥ ! to both sides and using the observation in Remark 3.2 we can write
oxi - oxI Oyt

where we have used the fact that ¢! is linear. O

® Remark 3.4 The relation above can be written symbolically as matrix multiplication

T
d/0x? oyt/oxt  oyt/ox* .- oyl/ox" a/0y*
d/0z* oy? )0zt oy?/ox* - Oy? /0" a/0y?
0/0z™ oy™ )0zt oy™)ox* .- Oy" /O™ 0/0y™

A Local Expression for the Differential
We start with the following proposition.

Proposition 3.7 — Local Expression for the Differential. Let F': N — M be a map between mani-
folds, and p € N. Let (U,z'--- ,2™) be a coordinate chart in N containing p and (V,y!,--- ,y™)
containing F(p) be a coordinate chart in M. Relative to the bases {9/9z7|,} for T,N and
{0/0y*|p(p)} for T, M, the differential F, : T,N — T,,M is represented by the matrix

[0F" /027 (p)],
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I where F? =y’ o F.

® Remark 3.5 We can state the inverse function theorem for manifolds Theorem 2.1 in a coordinate
free description: A C*° function F' : N — M is locally invertible at point p € N if and only if
F.:T,N — T, M is an isomorphism of vector spaces.

Curves in a Manifold

The notion of a curve in a manifold is a very important one as it will allow us to define the tangent
space in an alternative way. We start by the definition of a curve in a manifold.

Definition 3.4 — Curves in a Manifold. Let M be a manifolds and p € M. a curve in manifold is
a map
c: (a,b) = M.

Usually 0 € (a,b) and we say c is a curve starting at p if ¢(0) = p. The wvelocity vector ¢ (to) of
the curve at time ¢y € (a,b) is defined to be

C/(t()) = C*( d

— T M.
dt to) € Lelto)

® Remark 3.6 Note that the velocity vector of the curve ¢ at time ¢, denoted by ¢/ (o) is a tangent
vector at T,,yM. This in particular can be a source of confusion when the target space of the
curve is R. That is because in the calculus the notation ¢/(¢) is the derivative of a real-valued
function and is therefore a scalar. If it is necessary to distinguish between these two meanings of
d'(t) when ¢ maps into R, we will write ¢(t) for the calculus derivative. For a clarification on this
point visit Problem 3.2.

® Remark 3.7 Alternative notations for ¢/(ty) are

d de

a €040,
gl @™

However, I prefer the notation introduced in the definition box above as it has more emphasis on
the fact that ¢/(¢) is a vector in T, M.

® Example 3.2 Velocity vector of a curve is consistent with the results in calculus In this example
we will demonstrate that the notion of the velocity vector of a curve is consistent with the similar
notion in calculus. Define ¢ : R — R2.

c(t) = (t3,13).

t) is in tangent space T,;)R?. Let (R?, 1g2) be the atlas for manifold R?.
) in terms of the basis for tangent space.

d(t) = ai + 9
T 70z e dy

The velocity vector ¢'(
Then we can write ¢/ (¢

e(t)

To determine the coefficients we apply the standard coordinate function x,y to both sides and we
will get

From definition we have
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Similarly we can get ¢/(t)y = 3t%. Thus

0 0
'(t) = (2t) =— H—| .
¢(t) = (2) oz le(t) + (3¢ )8y e(t)

The steps that we took in the example above motivates us for the following proposition.

Proposition 3.8 — Velocity Vector in a Local Coordinate. Let ¢ : (a,b) — M be a smooth curve,
and let (U, z!,--- ,2™) be a coordinate chart about c(t). Write ¢! = x%oc for the i-th component
of ¢ in the chart. Then ¢/(t) € T.4) M is given by

/ . 0
c'(t) :Zciw

%

c(t)

Thus relative to the bases {9/8z"|,} for T,y M the velocity vector ¢/(¢) can be written as

Proof. First, observe that by definition ¢/(t) € T,) M thus can be written in the local coordinate

of ToyyM as
; 0
d(t) = g o

i

c(t).

Now we apply both sides to x;, and simply use the definition of the differential of a map and write
, d o d _ _
J— o (2 Vg = 2| (g —
. c*(dt’t)x dt‘t(x °c) =)

This completes the proof. O

So far, we observed that every smooth curve ¢ at p in a manifold M gives rise to a tangent
vector in T, M. The following proposition states the converse of this, i.e. for every tangent vector
in tangent space T, M there exists a curve passing through p.

Proposition 3.9 — Existence of a Curve with a Given Initial Vector. For any point p in a manifold
M and any tangent vector X, € T,M, there are ¢ > 0 and a smooth curve ¢ : (—e¢,e) — M
such that ¢(0) = p and ¢/(0) = X,

Proof. Let p € M and X, € T,M. Let (U,¢ = (z',--- ,2™)) be a coordinate chart centered at p.
The differential of ¢ given by ¢. maps X, to Yoy € ToR". For instance, assume

.0
Xp = Zazaxi

Applying ¢, to both sides and using Proposition 3.4 we will get

.0
YOZZG or?

i

p

0
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where 7! is the standard coordinate function of R™. Define the smooth curve v : (—e, e) — R®
given by
() = (a't,--- ,a"t).

For small enough e this curve is in ¢(U). We claim that the curve ¢ : (—¢,€) — M given by
c=¢loy
has the desired property. First, observe by definition we will have ¢(0) = p
c(0) = ¢~ (+(0)) = p.
For ¢/(0) we use the definition
¢(0) = ex(d/dtlo) = (67" 0 7)(d/dt|o) = (77 )(d/dt]o)
It now remains to calculate the (¢;17.). To calculate this, first observe that +, maps d/dt|y to

Yo. And also observe that ¢! maps X, to Yp. Le.

d
Yo = 6. X,,  Yo— *7‘ .
0 (b P 0 Y dtlo
Then we will get
d 4 d
¢*Xp_%£)o = %= W*ﬁ‘o'
Thus we have J
’ -1
= v—| =X
<0 =67z = X
and this completes the proof. O

Now using the notion of curves, we can calculate the differential of a map between manifolds
via curves. The following proposition discusses this statement.

Proposition 3.10 — Computing Differentials Using Curves. Let F' : N — M be a smooth map
between manifolds, and p € N and X, € T,N. Let ¢ be a curve on N such that ¢(0) = p, and
c’(0) = X,. Then

FupXy = (Foc)(0).

Proof. We simply follow the definition

(Focf(0) = (Foo).(4| )= Peu(h] )= 1 (3] ) = Rx,

and this completes the proof. O

Immersion and Submersion

We start with the definitions of Immersion and Submersion.

Definition 3.5 — Immersion and Submersion. Let F' : N — M be a smooth map, and let F, ,
denote its differential at a point p € N. Then

o F'is an Immersion if and only if F, , is injective.
o F'is a Submersion if and only if F. , is surjective.
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Now we can define the notion of critical point and regular points of a mapping.

Definition 3.6 — Critical and Regular points of a smooth map between manifolds. Let F': N — M
be a smooth map between manifolds. A point point p € N is

« a critical point if F, , fails to be surjective, and
o a reqular point if F, , is surjective.

A point ¢ € M is critical value of the map F' if it is the image of a critical point.

The following proposition gives a more intuitive characterization of the critical points of function
defined from a manifold to the real number line.

Proposition 3.11 — Critical points of a map to real number line. Let f : N — R be a smooth map
from manifold N to the real number line. A point p € N is a critical point of the map f in and

only if all of its partial derivatives relative to some chart (U, ¢ = (z!,---,2™)) are zero at p,
i.e.
O 20 foralli=1
, = oralli=1,---,n.
ox'lp

Proof. The differential of f in the local coordinates can be written as the matrix

0 0

For=lgz| £ o) T
The point p is a critical point if and only if f. , is not surjective. Since the image of f. , is R, then
its column space is either one dimensional or zero dimensional. Thus f, , is not surjective if and

only if all of its entries are zero, i.e.

0
8951' D

f=0 foralli=1,---,n.

Vector Fields on Manifolds

Intuitively speaking, vector fields assign to every point p in manifold M a tangent vector from
T,M. Or, formally speaking, A vector filed on a manifold M is a sections of the tangent bundles
TM of manifold M.

As we will see later, every smooth vector field can be seen locally as the velocity vector field
of a fluid flow. The path traced out by a point under this flow is called an integral curve of the
vector field. In other words, integral curves are curves whose velocity vector field is the restriction
of the given vector field to the curve. Finding the integral curve is equivalent to solving a system
of first order differential equations.

The set of all vector fields on a manifold, denoted by X(M) has a vector space structure.
Introducing the notion of multiplication by Lie bracket [-,:] makes it into a Lie algebra. More
details are covered throughout this section.

Smoothness of vector fields

The smoothness of the vector fields on a manifold, formally seen as sections of tangent bundle over
a manifold, can be traced back to the smoothness of the section. However, to keep stuff simple,
we will give some other characterization of smooth vector fields.
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Proposition 3.12 — Smoothness of a Vector Field on a Chart. Let M be a manifold with p € M.
And let (U,zt,--- ,2™) be a local chart on the manifold. A vector field given as

X:Zai

is smooth on U if and only in the coefficient functions a® are smooth on U.

0
ozt

p

Proposition 3.13 — Smoothness of a Vector Field in Terms of Functions. A vector field X defined
on manifold M is smooth, if and only if for any smooth function f defined on M, the function
X f is also smooth.

Observation 3.5.1 — Vector fields as derivations of algebra C*°(M). By the characterization of
smooth vector fields over a manifold given by the proposition above, we can see a vector field
X on a manifold M as a linear map on the algebra of C'*° functions on manifold.

X : C®(M) — C=(M).

It is also straight forward to show that X is a derivation of the algebra C'°(M), i.e. for
f,g € C*(M) we have

X(fg)=X(f)g+ fX(g)

Integral Curves

Intuitively speaking, an integral curve of a smooth vector field is the curve traced out by a point
under the given vector field. The following is a formal definition of an integral curve of a vector
field.

Definition 3.7 — Integral Curve of a Vector Field. Let X be a smooth vector field defined on a
manifold M. An integral curve of X is a curve ¢ : (a,b) — M such that

C/(t) = X|C(t)a

where X|.) means restricting vector field X to the curve c(t). An integral curve is called
mazimal if its domain can not be extended to a larger interval.

® Remark 3.8 We call point p € M the initial point of the curve ¢ and say ¢ starts in p if ¢(0) = p.
Also we write ¢;(p) instead of ¢(t). With this notation the flow structure of ¢ will be more evident,

namely ¢, (c:(p)) = cyp(t)-

As we can observe in the following example, computing the integral curve passing through a
point p € M is the same as solving an initial value problem.

® Example 3.3 Consider the Euclidean space M = R? as a manifold. Define the vector field X to
be

0 7]
X = Yoo era—y.

We want to find an integral curve passing p = (1,0). For c: (a,b) — R? given as c(t) = (x(t), y(t))
to be an integral curve, we need its differential be the same as X|.) for ¢ € (a,b). By Proposi-
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tion 3.8 we can write

9.0
Ox yay'
And for ¢/(t) to an integral curve we need to have

H = {y} . 2(0) =1,y5(0) =0.

y T

dt)=1

Solving the initial value problem above we will get

x(t) = cos(t), y(t) = sin(t).

Given a vector field X on manifold M, finding the integral curve of X starting at a point
p € M reduces to solving an initial value problem as described below. By Definition 3.7 a curve
¢: (a,b) = M is an integral curve starting at p if we have

Xlowy =¢'(t) fort e (a,b), c(0) = p.

Choosing a local coordinate chart (U, x!,-- -, 2™) that contains p, we can write the restricted vector
field X|.q) as

Xl = 3 al(elt)) 5

On the other hand, by Proposition 3.8 we can write ¢/(¢) in the local coordinates as

()= 30

%

p

)

p

where ¢ = 2% o ¢. Thus we will have
é(t) =a'(c(t)) fori=1,---,n, and c(0) = p.

Since the coefficient functions a’ are all smooth, then by the existence and uniqueness theorem we
conclude the existence of the desired integral curve.

Theorem 3.1 — Existence-Uniqueness Theorem of ODE. Let I C R™ be an open set, and f : V —
R™ be a smooth vector field defined on V. For any p € V, the integral curve of f starting at p,
or equivalently, the solution of the ODE system given by

V)= 1w®), v0)=p,

has a unique smooth solution y : (a(p),b(p)) — R™ where (a(p),b(p)) is the maximal open
interval containing 0 on which y is defined.

A smooth vector field, gives us more than what we have stated above. The following theorem
states such an statement.

Theorem 3.2 — Smooth dependence of starting point of an integral curve. Let V' C R™ be an open
set, and f : V — R" be a smooth vector field defined on V. The for every p € R™, there exist
an open neighborhood W containing p and a number € > 0, and a smooth map smooth map y

y:(—€e) x W = R"”

such that for all ¢ € W the map y(t, ¢) as a function of ¢ is an integral curve of f starting at q.
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Or equivalently, it is the unique solution of the ODE system given as
9y
5 (@) =fl(e), y0,9=q
We can use the theorems above to proof a similar statement for the case of manifold as given

in the following proposition.

Proposition 3.14 — Existence of Local Smooth Flow. Let M be a manifold and X be a smooth
vector field defined on a U. Then for any point p € U, there are a neighborhood W containing
p, an € > 0, and a smooth map

F:(—€e)xW—>U

such that for all ¢ € U the map F(t,q) as a function of ¢ is an integral curve of X starting at
q- The map F is called alocal flow generated by the vector field X.

® Remark 3.9 We write F;(q) instead of F(¢,q). Let t, s € (—e, €) such that F;(Fs(q)) and Fiys(q)
are both defined. These two maps as a function of ¢ are integral curves of X starting at F(q) that
corresponds to ¢t = 0. By the existence and uniqueness theorem it follows that

Fy(Fs(q)) = Fiys(q).

® Remark 3.10 The map F(t,q) is called a local flow, and for each ¢ € W the map F(t,q) is an
integral curve of X starting at ¢ and is called a flow line. Thus local flow is a map from (—e¢, €) x W
to U while a flow line is a particular integral curve.

® Remark 3.11 If the local flow F is defined on R x M it is called a global flow. Thus for all t € R
and g € M

Fi(q) o Foi(q) = F1)(q) o Fi(q) = Fo(q)Lar-

This shows that Fy : M — M is a diffeomorphism (is smooth while its inverse is also smooth).
Thus we can summarize that a global flow gives rise to a one-parameter group of diffeomorphisms
of M.

We can summarize the discussion above in the following definition.

Definition 3.8 — Local Flow on a Manifold. Let M be a manifold and p € M, and U be a
coordinate open set containing p. A local flow defined on U is a smooth map

F:(—ee)xW—=U
where € > 0 and W is an open neighborhood of p, writing F(¢,q) = F;(q), such that
« Fo(g) =g,
o Fi(Fs(q)) = Ft+s(q) whenever both sides are defined.

The Lie Bracket

As we say before, a vector field X on a manifold M is R-linear map from the algebra C>°(M) to
C° (M) that satisfies the Leibniz rule, i.e. for f,g € C°°(M) we have

X(fg)=X(f)g+ fX(9).

And we also saw that the set of all vector fields on M denoted by X(M) has a vector space
structure. However, for Y € X(M), the vector fields X oY = XY and Y X are
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e R-linear, and

« smooth (because by Proposition 3.13 X (Y (f)) is smooth given Y (f) is smooth, and similarly
for Y(X(f))).

However, XY fails to be a derivation of the algebra C°°(M). To see this, let f,g € C°°(M). Then
XY(fg) = X(Y(fg9)) = X(Y(f)g + fY(9)) = XY (f)g + Y (f)X(9) + X(/)Y (g9) + XY (g).

Because of the two middle terms, XY fails to be a derivation. However, the symmetries of the
expression suggests that XY —Y X will not have the two middle terms and thus will be a derivation.
By explicit calculation as above we will have

(XY =Y X)(fg) = (XY =Y X)(f)g + [(XY =Y X)(9)-
Writing [X,Y] = XY — Y X motivates us for the definition of a Lie bracket.

Definition 3.9 — Lie bracket of two vector fields. Let X, Y be two vector fields defined on manifold
M. Their Lie Bracket [X,Y] is a vector field on M that at p has the value

[X, Y}pf = (XPY - YPX)fa
for any germ of a smooth function f at p.

® Remark 3.12 The Lie bracket [X, Y], is a derivation of C3°(M), hence is a tangent vector.

Proposition 3.15 — Properties of Lie Bracket. Let XY, Z be vector fields over a manifold M.
Then

(i) Bilinearity: [aX +bY, Z] = a[X,Y] +b]Y, Z] and [Z,aX + VY] = a[Z, X]| + b[Z,Y].
(ii) Anticommutativity: [X,Y] = —[Y, X],

(iii) Jacobi identity: Y°_ . [X, [V, Z]] = 0.

Proof. The property (i) follows immediately from the definition of Lie bracket. For (i), first we
expand the sum

> XY, 2] = X[V, 2] + (2, [X, Y] + [V, [Z, X]).

cyclic

Now we can expand each term from the definition of Lie bracket.
(X, [V, Z)| =XV, 2| - [V, 2\ X =XYZ - XZY - YZX + ZY X,
Z,[X,)Y)|=ZIX,)Y|-[X,Y|Z=2XY - ZYX - XYZ+YXZ,
Y, [2,X]|=Y[Z2,X]|-[Z2,X]Y=YZX -YXZ - ZXY + XZY.

Thus in the cyclic sum all of terms with opposite sigh cancel each other, hence the cyclic sum is
Z€ro. O

The following definition abstracts the notion of Lie bracket to be a product operation that
satisfies some axioms.

Definition 3.10 — Lie Algebra. A Lie algebra over a field K is a vector space V over K along
with a product [,-] : V x V — V| called the bracket, such that for X,Y,Z € V and a,b € K we
have
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(i) Bilinearity: [aX +bY, Z] = a[X,Y] +b]Y, Z] and [Z,aX + VY] = a[Z, X]| + b[Z,Y].
(ii) Anticommutativity: [X,Y] = —[Y, X],

(iii) Jacobi identity: ) (X, [Y,Z]]=0.

cyclic

® Example 3.4 For any vector space V define [X,Y] = 0 for all X,Y € V. With this bracket, V
becomes a Lie algebra called abelian Lie algebra. [

Be Careful Here! ‘§l4 3.7.1 — Lie algebra might not even be an algebra. From the definition of
algebra, as an algebraic structure, the product operation has to be associative. In terms of
bracket, for it to be associative we need to have

[X,[Y,Z]] = [[X,Y],Z] forall X,Y,Z€V.

An abelian algebra is automatically associative, thus it is algebra. However, a bracket in a Lie
algebra, might not always be associative. Thus a Lie algebra might not even be an algebra. In
Lie algebra, the product operation satisfies the Jacobi identity instead of associativity property.
However, note the following important remark.

® Remark 3.13 If A is any algebra over a field K, then the product

[z,y] = zy — yz,
for z,y € A turns A into a Lie algebra over K.

m Example 3.5 — Lie bracket as the bracket. Let M be a manifold and X(M) be the set of all smooth
vector fields defined on M. Then X(M) is a Lie algebra with the Lie bracket as the bracket.

Proposition 3.16 Let V' be a Lie algebra over a field K. Define
adx : V =V, adx (Y) = [X,Y].
Prove that adx is a derivation V'
Proof. From the Jacobi identity, for all X, Y, Z € V' we have
(X, V. Z)|+ [Z, [ X, Y]]+ [Y,[Z,X]] = 0.
By using bilinearity and anitcommutativity properties we can re-write this expression as
(X, [V, 2] = [[X, Y], Z] + [V, [X, Z]].

We can re-write this as
adx([}/, Z]) = [adx(Y),Z] + [Y, adx(Z)]

This completes the proof. O

Pushforward of a Vector Field

A smooth map F' : N — M between manifolds NV and M, pushes forward a tangent vector
X, € T,(N) where p € N by its differential. Le. F,.(X,) is the pushforward of X,,. However,
this notion does not exist in general for vector fields. That is because if F' is not injective and for
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p,q € N two distinct points such that z = F(p) = F(q), then the pushforward of X, and X, by F\
are two tangent vectors at T, (M), and there is no reason that F,(X,) should be equal to F.(X,).

However, if F' is a diffeomorphism, then it makes sense to talk about the pushforward of a
vector field by F. That is because F' is injective, then there is no ambiguity of the type discussed
above, and also since F is surjective, the pushed forward vector field is defined everywhere on M.

Definition 3.11 — F'-related Vector Fields. Let F' : N — M be a smooth map between manifolds
and X, X be two vector fields defined in N and M respectively. Then we say X is F-related
to X if for all p € N we have

F.Xp = Xp@p)-

The following proposition gives a useful characterization of the F-related vector fields.

Proposition 3.17 — A characterization of related vector fields. Let F': N — M be a smooth map
between manifolds, and X and X be two vector fields defined on N and M respectively. Then
X and X are F-related if and only if for all g € C*°(M) we have

X(goF)=(Xg)oF.

Proof. TODO: To be added. O

Proposition 3.18 Let F' : N — M be a smooth map between marlifo_lds. Let X,Y be smooth
vector fields on N that are F-related to the smooth vector fields X,Y on M respectively. The
the Lie bracket [X,Y] defined on N is F-related to Lie bracket [X,Y] defined on N.

Proof. TODO: To be added. O

Submanifolds

So far, despite our thorough analysis of manifolds, we have little tools to see if a given topological
space is a manifold. Of course, we can use the definition of a smooth manifold and directly show
that a given topological space is second countable and Hausdorff, and also exhibit a smooth atlas,
hence a manifold. While this is a possibility, but it is seldom done in mathematics. That is why
we tend to develop more tools that helps us in identifying if a space is a manifold. For instance,
the quotient space construction and the discussion of the criteria under which the quotient space
is second countable and Hausdorff was an effort in this direction. Here in this subsection we will
develop much more powerful tools to show a particular space is manifold. These tools will be used
extensively in the next chapters.

Submanifolds

We will introduce the notion of submanifolds. As a very simple example, the zy plane in R? is a
regular submanifold of the manifold R3 where it is defined as the set on which the z coordinate
function vanishes.

Definition 3.12 — Regular Submanifold. Let M be a manifold of dimension n. A subset S C M
is called a regular sub-manifold of dimension k, if for any p € S, there exist a chart (U, ¢ =
xl, .-+ x™) such that the set U NS is defined by vanishing n — k coordinate functions. Le. we

need to have
UnS={peU|z"*(p)=---=2"(p) =0},
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where we assumed that by renumbering the coordinate functions, we may assume that these
vanishing coordinates are zFt1 ... ™. We call such chart an adapted chart of S relative to

M. Furthermore, we call n — k the co-dimension of S.

B Remark 3.14 In different wording, we could say that if (U, ¢) is an adapted chart of S relative to
M, then it means that S N U is precisely the zero level set of n — k coordinate functions of ¢.

® Remark 3.15 As a topological space, the submanifold S is required to have the subspace topology.

® Example 3.6 — A trivial submanifold. Let S be an open subset of manifold M. Then S is defined by
vanishing of no coordinates of any chart overlapping by S. Thus every open subset of a manifold,
is trivially a regular submanifold. [

m Example 3.7 — A submanifold of R’>. The set S = (—1,1) x {0} (as a subset of z-axis) is a
regular submanifold of R?. That is because considering the chart {U = (—1,1) x (-=1,1),¢ =
(x,y)} for any p € S we have y = 0. Thus S is a regular submanifold of R?, and (U, ¢) is an
adapted chart. However, note that the chart (V = R? + = (x,y)) is not an adapted chart since
VNS = (-1,1) x {0} but the point on V where one of the coordinate functions vanish, say x
or y, is the set R x 0 or {0} x R none of which are equal to S. For the same reason the chart
(W =(-2,2),w = (z,y)) is also not an adapted chart. "

The following important proposition states that the regular submanifold is also a manifold.

Proposition 3.19 — Regular Submanifold is a Manifold. Let S be a regular submanifold of the
manifold M. Let & = {(U, #)} be a collection of compatible and adopted charts that covers S.
Then the collection {(U N S), ¢s)} is a compatible chart for S, hence S is a manifold. Further
more, if S is defined by the vanishing of n — k local coordinate maps, then S has coordinate k.

Proof. To show that the collection {(U NS, ¢s)} is an atlas, we first need to show that it covers
the whole space S. This follows immediately from the fact that the collection Ll covers the set S.
To show the compatibility of the charts in the collection {(U NS, ¢s)}, Let (U, ¢ = (¢t -+ ,¢"))
and (V,¢ = (¢1,--- ,9™)) be two coordinate charts where both of them contains the point p € S.
By re-numbering the coordinate component function we assume that ¢, ---,¢" and ¥, -- "
vanish at p. Since ¢ o9~ and v o ¢~ are both smooth, then it follows immediately that the
corresponding restricted charts are also compatible. O

Be Careful Here! 94 3.9.1 What about the other properties of manifold? In the proposition
above we only exhibited a compatible chart, but we did not checked for other properties of
manifolds, like being Hausdorff or second countable. These two properties follows from the fact
that S is a subset of M and has the subspace topology. Thus given that M is second countable
and Hausdorff, then S is also second countable and Hausdorff.

Definition 3.13 — Level Set of a Map. Let F': N — M be a map between manifolds. For c € M
the level set of F' with level c is the set

F'({c}) ={z e N | F(z) =c}.

® Remark 3.16 In the case F': N — R™ the set F'~1({0}) is called the zero set of the function F.

® Remark 3.17 Recall that a point ¢ € M is a regular value of the map F' if either it is not in the
image of F' (i.e. F~'({c}) = @), or for all p € F~'({c}) the differential F., : T,N — T,M is
surjective.
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Definition 3.14 — Regular Level-Set. The inverse image of a regular value of a map is called a
regular level set. L.e. Let F': N — M be a manifold, and ¢ € M be a regular value of the map
F. Then level set F~1(c) is a regular level set of F.

® Remark 3.18 In different words, a level set of a map is a regular level set if for every point on the
level set, the differential of the map is surjective. This implies that dim N > dim M. To see this
observe that for the linear map Fi : T,N — Tp(,) M, the maximum number of linearly independent
rows or columuns is min{dim N, dim M }. In order for F, to be full rank, the rank of F, should be
equal to dim M. This means that we need to have

min{dim N,dimM} =dimM = |dimN > dim M |

® Example 3.8 — 52 in R%. We can express the manifold S? as a regular level set of a carefully
designed map and we will make an adopted chart for it. To do this, consider the map

g:R¥ SR

given by
g(z,y,2) = 2* + > + 2%

It level set with level 1 is given as
S ={(.y.2) | 2" +y* + 2 =1},

which is precisely S? as a subset of R3. We can equivalently express this as a zero set of f : R? — R
given as
f(aj?yvz) = :EZ +y2 +32 -1

To see if this level set is a regular level set or not, we need to determine if the Jacobian matrix of
f is full rank on S2. The Jacobian matrix of this map is given by

fulz,y,2) = {29: 2y 22].

The rank of this matrix is 1 except when z = y = 2z = 0. Since (0,0, 0) ¢ S?, then all of the points
on the 2-sphere are regular level sets. To create an adopted chart, we will use a trick which will
be more formalized in the next sections. Let p be a point on S2. Since f,. is surjective at p, then
not all of its elements are zero. This translates to the fact that there is at least one coordinate of
f« that does not vanish. Without loss of generality we can assume at p we have z(p) # 0. Then
consider the coordinate map given by ¢ = (f,y, z). Its Jacobian matrix will be

20 2y 2z
Jgl=10 1 0
0 0 1

and its determinant will be det[J[¢]] = 2. We can observe that at p the determinant is not zero.
So by Corollary 2.1 we can see that there exists an open neighborhood containing p, i.e. U, on
which ¢ is locally invertible, thus it is a local coordinate chart. Thus for the point p the chart
(Up, ¢) is an adopted chart (since U, N S? is defined by the vanishing of the first element of ¢ ),
hence (U, N S?,¢s = (y, z)) will be a local chart for S2. This shows that S2, as a regular level set
of f is a submanifold. n

The idea of the example above is very important, as we can use its strategy almost verbatim
to prove the following proposition.
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Proposition 3.20 — Regular Level Set of a Function is a Sub-Manifold. Let f : N — R be a function
defined on the manifold. Let ¢ € R. If ¢ is a regular value of the function f, then its level curve
f~1({c}) is a regular level curve, and is a sub-manifold.

Proof. To start, we need to following Lemma.
Lemma 3.1 — Zero Level Curve. Let f,g : N — R be real-valued functions on a
manifold N. Let ¢ € R. Then the level set of f with level ¢ is the same as the level
set of g with level 0. Furthermore, f~1({c}) is a regular level curve if and only if
g~ ({0}) is a regular level set.

Proof of the lemma. Let S, S’ be defined as

S={peN|fp)=c}, S ={peN|glp) =0}
We will need to show S = S’. We can see this by

peSefp)=ce flp)—c=0sg(p)=0spes

To see proof for the second part, note that f, = g., thus f. will be surjective if and
only if g, is surjective, thus f~!({c}) will be a regular level set if and only if g~ ({0})
is a regular level set. O

By using the Lemma above, let ¢ = f — ¢. So the level set f~!({c}) will be the same as g~1({0}),
and will be a regular level set if and only if g=1({0}) is a regular level set. So we will prove that
the zero set of g is a submanifold. Let p € S = ¢g=({0}), and let (U, ¢ = (z!,--- ,2™)) be a local
chart containing p. Then the differential of ¢ at p will be given by

gt

Since the level set g~!({0}) is a regular level set, g, . is surjective. This implies that not all of the
components of g, , be zero at the same time (or alternatively, there exists at least one element in
gp«) that is not zero. In a nutshell, for any choice of p, we can find at least one element of g, .
that is not zero. Fix p € ¢g71({0}) and without loss of generality assume that dg/dx! # 0. Then

I co. 9
Ip.x = | Bal pg o™

consider the map ¢(g, 22, ,2™) from some open neighborhood of p to R™. It Jacobian matrix is
given by
0 0 e 0
69:10 pg 8w21 pg ng »
JIo] =
0 0 e 1

g # 0. Thus by

Corollary 2.1, there exists an open neighborhood U, containing p such that ¢ is locally invertible,
thus (Up, ¢) is a local chart. Observe that S N U, is given by vanishing the first component of ¢,
i.e. g =0. Thus (U,, ¢) is an adopted chart. Since the point p was arbitrary, then we proved that
for all p € S there exist an adopted chart, hence S is a submanifold. O

The determinant of the Jacobian matrix above is given by det(J [(b}) = %

Now we can extend this theorem more generally form maps between manifolds. This theorem
is often called the regular level set theorem, implicit function theorem, pre-image theorem, etc.
We will use the name “regular level set theorem”.
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Theorem 3.3 — Regular Level Set Theorem. Let F': N — M be map between manifolds, and let
c € M. The level set F~1({c}) is a submanifold of dimension n — m if the level set is regular.
Proof. Assume F~!({c}) is non-empty (otherwise it is trivially a submanifold). Let (V,1) =
(y, -+ ,y™)) be a local chart on M centered at c, i.e. ¥(c) = 0. Then we will have F~!({c}) =
F1(p=1({0})) = (v o F)71({0}). If we call F* = y’ o F then the level set S = F~1({c}) is the
common zero set of the functions F',---  F™. Fix p € N and choose a local chart (U,) that
contains p and U C F~1(V). Since S is a regular level set, then F, p is surjective which also implies
that Fl , has at least M linearly-independent vectors. Without loss of generality we can assume
that the first M columns in F , are linearly-independent, hence
OF"
det { 57 #0.

} 1<ij<m
D

Replace first m coordinates of ¢ with F1, ... | F". TLe. let ¢ = (F',.-- [ F™ g™+l ... 2"). The
Jacobian matrix of this map is given by
D

det J[¢] = det S # 0.

Thus the map ¢ is locally invertible in a neighborhood of p possibly smaller than U, call it U,. We
can also now see that SN U, is defined by the common zero set of F'--- F™. Thus (U,,¢) is an
adopted chart for S, hence it is a submanifold.

and its determinant is given by

Regular level set theorem, is very powerful tool to prove that some spaces are manifolds. For
instance, the following proposition reflects an example of this elegant use.

Proposition 3.21 — Special Linear Group is a Manifold. The special linear group SL(n,R) is a
subset of GL(n,R) that contains matrices with determinant 1. SL(n,R) is a manifold.

Proof. Let det : GL(n,R) — R be a function which is the determinant function we know from
linear algebra. Then SL(n,R) can be defined by the level set det™'({1}). To show that this level
set is regular, we need to show that the determinant function is surjective on the level set. To see
this, we first need to calculate the differential of det function. Let m, ; denote the (¢, j)-minor of
a matrix. Given a matrix A € GL(n,R) we can expand the determinant function as

det(A) = > (=1)"aymi;.
J
This implies that

det = (—1)i+jm7;j

Oaii lA

By Proposition 3.11 we have

det is not surjective =

0 . .
D Adet 0Vi,j = my; = 0Vi,j = det(A) =0.
So we can conclude

det(A) #0 = det is surjective.

Since SL(n,R) is a subset of GL(n,R), then it follows that the matrices in this set are not singular,
hence det is surjective which implies that the level set SL(n,R) is a regular level set, hence, is a
regular manifold. O
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The Rank of a Smooth Map

Recall that the rank of a smooth map between manifolds is defined by the rank of its differentials.
Consider the following important observation.

Observation 3.9.1 — Surjectivity implies maximal rank, but the converse is not true!. Let F : V —
W be a linear map between vector spaces. If F' is surjective, then its rank is mazimal. However,
the converse is not true. If F' has full rank, then this does not implies that F' is surjective.
The converse is only true when we have dim V' > dim W.
Also, as a general fact from linear algebra, recall that the rank of F is at most min{dim V, dim V' }.
Le. rank F' < min{dim V, dim W}.

So for a smooth map between manifolds, say F': N — M, assuming that it has maximal rank
at p € N, we will have the following three cases that are not mutually exclusive:

(i) if dim N = dim M, then since F, has full rank, thus its determinant is not singular, hence it
is locally invertible. So F' is a local diffeomorphism at p.

(ii) If dim N < dim M, then by the observation box above, the maximal rank does not necessarily
imply being surjective. However the maximality of the rank implies that rank F' = dim N,
hence F is injective, thus an immersion.

(iii) If dim N > dim M, then the map F is an submersion.

In this section, we will basically apply the idea of the constant rank theorem for Euclidean
spaces to the manifolds. To make sure we understand every step, we are giving a proof of the
constant rank theorem in the case of Euclidean spaces.

Theorem 3.4 — Constant Rank Theorem for Euclidean Spaces. Let f : R” D U — R™ be a map
between Euclidean spaces. Assume that f has a constant rank k in a neighborhood of p € U.
Then there exists diffeomorphisms of G and F' (as a local coordinate changes) such that

(FofoG_l)(xl7... ,xn):(xl’... 7xk,07... 70)

Proof. We will do the proof for the case where n = m = 2 and k = 1 to better highlight the ideas
behind the proof. Consider the Jacobian matrix of f at p given as

_ |0 ft Oyf!

O

Since f has constant rank 1, then we should be able to find a non-zero column vector in the Jacobian
matrix. Without loss of generality we can assume that 9, f! # 0. Let G(x,y) = (f(z,y),y). Its

Jacobian matrix is given by
_ |0 ft Oy ft
oo %

and its determinant is d, f' which is non-zero from the assumption. Thus it is locally invertible,
ie. 3V > f(p) and Uy > p such that G : U; — V is a local diffeomorphism. We can make U
smaller such that U; C U. Thus on U; the function f has constant rank, and G is locally invertible.
Observe that f1G~! = u since (u,v) = (G o G71)(u,v) = (f1 o G~y o G71)(u,v), thus we can
write

foG™t = (u, h(u,v))
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where h = y o G~'. Note that since G is a local diffeomorphism, then f o G~! has constant rank
1 on Uy as well (similar to f). Thus in its Jacobian matrix

J(foG™Y) = Hh agh}

In order for f o G~! have the same rank as f on U; we need to have d,h = 0 everywhere on Uj.
This means that & is only a function of u. Define F(x,y) = (z,y— h(y)) which is a diffeomorphism.
This implies

(FofoG™)(u,0) = (u,0),

® Example 3.9 — A useful characterization of constant rank for a map. Let f : R™ D U — R™ be a
map that has a non-zero Jacobian at p € U. Then by continuity, it has non-zero Jacobian at a
neighborhood of p, hence it has a constant rank. Thus non-zero Jacobian for a map at a point,
implies constant rank of map at a neighborhood of that point. [

This idea of the constant rank theorem can easily be extended to the manifolds with almost
no cost. The following proposition captures this idea.

Proposition 3.22 — Constant Rank Theorem for Manifolds. Let F' : N — M be a map between
manifold that has constant rank k in a neighborhood of p € N. Then there exists charts (U, ¢)
centered at p € N and (V, ) centered at F'(p) € M such that

(WoFop H)rt,...,r") = (r},...,7%,0,...,0).

Proof. Let (U, ¢) and (V,%) be two charts centered at p € N and F(p) € M respectively. Observe
that since ¢ and v are diffeomorphisms, then the map H = 1 o F o ¢ has a constant rank k
(another way to see this is the consider the differential H, = 1/_)* oF,o (;_5*, and since 1/;* and Q_S* are
isomorphisms, then H, has the same rank as F). Now by the constant rank theorem for the vector
spaces, there exists local diffeomorphisms G in a neighborhood of ¢(p) and F in a neighborhood
of ¢(F(p)) such that

(FoHoG YH(rt,...,r™)y=(rt,...,7*,0,---,0).
Let ¢ = G o ¢ and ¢ = F o). This completes the proof. O

By the regular level set theorem, we know that the pre-image of a regular value of map between
manifolds is a regular submanifold. However, we can use constant rank theorem to show it suffices
for the map to have a constant map in a neighborhood of the pre-image, and this guarantees that
the level set is a regular submanifold.

Proposition 3.23 — Constant Rank Level set Theorem. Let F' : N — M be a map between
manifolds, and ¢ € M. If F has a constant rank in a neighborhood of F~1({c}), then the level
set F~1({c}) is a regular submanifold.

Proof. Let p € F~*(c¢). In order for F~'(c) to be a manifold, then we need to find a chart
containing p such that the intersection of the local open coordinate neighborhood with F~1(c) is
defined by vanishing of k£ coordinate functions of ¢. The key in finding such a local chart in the
constant rank theorem for the manifolds. For p € F~1(c) chosen as above, by the constant rank
theorem we can find local charts (U, ¢) containing p, and (V, ) containing F'(p) such that we can
write

(YoFop H)(rt,...,r") = (r},...,7F,0,...,0).
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Thus the level set (¢ o F o ¢~1)71(0) C R" is defined by vanishing of the coordinate vectors

r!, .- ,7®. On the other hand, this zero set, is the image of F~1(¢)NU under the map ¢. Because

S(F7He) = ¢(F((0)™H) ) = (po F o™ 1)(0) = (¥ o F6~1)7H(0).

Thus F~!(c)NU is defined by the vanishing of the coordinate functions 7!, - -- ,7*. Since the point
p was arbitrary, then this proves that F~!(c) is a regular submanifold. O

The constant rank level set theorem is a very powerful theorem that helps us to show some
very important level sets are in fact manifolds. The orthogonal group O(n) is an example.

Proposition 3.24 — The orthogonal group O(n) is a manifold.. The orthogonal group O(n) as a
subset of GL(n,R) is the set of all matrices in GL(n,R) such that AT A = 1. O(n) is a regular
submanifold of GL(n,R), thus is a manifold.

Proof. Define the map f : GL(n,R) — GL(n,R) given as f(ATA) = I. So the orthogonal
group defined above can also be seen as the level set f~1(I). To show that O(n) is a regular
submanifold, we will show f has a constant rank in a neighborhood of f~1(I), and in fact on the
entire GL(n,R). To see this, first observe that for any A, B € GL(n,R) there exists C € GL(n,R)
such that B = AC, or B = r¢(A). Consider

J(AC) = (AC)T(AC) = CT (AT A)C = CT J(A)C,
or in a more useful notation
(forc)(A) = (ler org o f)(A).
Since A was arbitrary, then f orc =lgr org o F. By the chain rule we have
f*,AC o (TC)*,A = (lCT)*,* o} (TC)*,* o f*,A~
Since the right and the left multiplication are diffeomorphisms, thus we have

rank f. ac = rank f, 4.

Thus f has constant rank on GL(n,R). From the constant rank level set theorem, we conclude
that O(n) is a regular submanifold of GL(n,R). O

Immersion and Submersion theorem

The constant rank level set theorem helps us to write a local canonical form for any submersion
and immersion. The development of this idea is based on following two observations.

Observation 3.9.2 — Submersion and Immersion Implies Maximal Rank. Let F' : N — M be a
map between manifolds of dimension n and m respectively.

e Fis an immersion =—> n < m, rank F = n.
e Fis an submersion = n > m, rank F' = m.

We can see that in both cases, the map being a submersion or immersion implies the maximality
of its rank.
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Observation 3.9.3 — Rank Maximality is an open Condition. Let F': N — M be a map between
manifolds were it has a maximal rank at p € N. Then the maximality of rank persists in an
open neighborhood of p. To see why this is true, observe that F, has k (the maximal rank of
F at p) linearly independent columns. By rearranging the columns, assume that the first &
columns are linearly independent. This implies that the determinant of the first k x k£ block
of F, is non zero. Since determinant is continuous, then this non-zero determinant persists in
an open neighborhood of p € N.

In conclusion, we see that being an immersion or submersion at a point, implies the rank is
constant on an open neighborhood of that point. Thus we can write the following normal forms
for immersion and submersion.

Proposition 3.25 — Normal Forms for Immersion and Submersion. Let F' : N — M be a map
between manifolds, and let p € N. Then

o If F'is immersion at p, then there are charts (U, ¢) containing p € N and (V) containing
F(p) € M such that

(woFo(bil)(rla"' 7rn): (Tla"' 7rn707"’ ,O)

o If F is submersion at p, then there are charts (U, ¢) containing p € N and (V, 9) containing
F(p) € M such that

(woFo¢_1)(r17... ’rm7frm+17... ’rn) = (’rl,... 7,',,7)1).

Proof. The proof of this proposition is based on the fact that being an immersion or submersion
at a point implies the maximality of the rank, and also the fact that the maximality of the rank is
an open condition, and finally applying the constant rank theorem level set theorem. O

Observation 3.9.4 The important observation of the proposition above is that every immersion
locally looks like an inclusion map, and every submersion, locally looks like a projection map.
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3.10  Summary

Summary £ 3.1 — Coordinate Map and Its Differential. Let M be a manifold and p € M. Let
(U, ¢) be a coordinate chart containing p. We saw in Proposition 2.7 that ¢ is a diffeomorphism
between U and R". In Corollary 3.3 we also saw that T),(U) is isomorphic to Ty, (R"). In a
nutshell

Under a coordinate chart (U, ¢), U is diffeomorphic to R™ and at a point p € U
the tangent space at p, i.e. T,(U), is isomorphic to the tangent space at ¢(p), i.e.

Ty(p)n-

Summary B 3.2 Let F': V — W be a linear map between vector spaces. If F' is surjective then
dimV > dim W. See Remark 3.18 for more details and reasoning.

Summary p° 3.3 — Differential of a Map Between Euclidean Spaces. Let F' : R* — R™. It
differential at point p € R" is its Jacobian matrix evaluated at point p.

ort . 9F!
ozl ox™
oF* . OF?
Oxl Ox™
F, = L . (p)
oF™  9F™
Ozt o™

Summary B 3.4 Differential of a coordinate map acting on a tangent vector Let M be a

manifold and (U, ¢ = (a!,--- ,2™)) a coordinate chart containing p € M. Then we have
0 0
Oz*lp”  Or*lep)
or equivalently
1, 0 0
ortle”  Ox'lp

To show these equation we use the definition of directional derivatives on a manifold (Defini-
tion 2.13). However, we can see that how these equations can reproduce the definition of the
directional derivative on a manifold. Let f: M — R

) B V= B
oz lp orilem)’” — Ortlem)

f=ae (foo™™).

where we have used the definition of the differential of a map.

Summary B' 3.5 — Bases for Tangent Space at a Point on a Manifold. Let M be a manifold with
p € M. T,M is the the tangent space at point p that contains all of the point derivatives
D : Cp® — R. For each coordinate chart containing p we can write a natural bases for T),M.
For instance, let (U, ¢ = (x!,--- ,2™)) be a coordinate chart containing p. Then the collection
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of tangent vectors

o) L oy,
61?1 p7 ,8$n P
is a basis for T, M. While choosing a different coordinate chart containing p, ex. (V,¢ =
(y',--+,y™)) we can write another natural basis for T, M

0 0
Gyl 3yl

The change of basis matrix R maps these two basis to each other. This map is given by

s
9/0x? oyt /oxt  oyt/ox* .- Oyl/ox" a/0y*
0/0z* oy? )0zt oy?)ox* - Oy? /0" a/0y>
a/0z" oy™ )0zt oy")ox* .- Oy" /0" a/oy™

Summary B 3.6 — Velocity vector of a curve into R". K Let ¢ : (a,b) — R™. Then is velocity
vector at tg € (a,b) is given by

¢1(to)
¢a(to)
d(t) = ,
cn(tO)
where ¢y, - , ¢, are the components of the curve c. See Example 3.2 for a worked example.

Summary p' 3.7 — Finding Local Integral Curves. Given a vector field X on manifold M, finding
the integral curve of X starting at a point p € M reduces to solving an initial value problem
as described below. By Definition 3.7 a curve ¢ : (a,b) — M is an integral curve starting at p
if we have

X|ewy =d(t) fort e (a,b), c(0) = p.

Choosing a local coordinate chart (U, x!,--- ,2™) that contains p, we can write the restricted
vector field X | as

Xl = Y a(elt) o

7 p
[

On the other hand, by Proposition 3.8 we can write ¢’(¢) in the local coordinates as

(1) = Yt

- p
i

)

where ¢! = z* o ¢. Thus we will have
& (t) = a'(c(t)) fori=1,---,n, and c(0) = p.

Since the coefficient functions a’ are all smooth, then by the existence and uniqueness theorem
we conclude the existence of the desired integral curve.
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Summary £ 3.8 — Lie bracket and the bracket. Lie bracket is defined as
[X,)Y]=XY -YX,

for X, Y € X(M) as vector fields defined on the manifold M. However, the bracket, is the
product operator defined on Lie algebra that satisfies three properties in Definition 3.10. The
set X(M) along with the Lie bracket as the bracket is a Lie algebra.

Summary £’ 3.9 — Regular Submanifold Characterized by an Adapted Chart. In different wording,
we could say that if (U, ¢) is an adapted chart of S relative to M, then it means that SN U
is precisely the zero level set of n — k coordinate functions of ¢.
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Solved Problems

® Problem 3.1 — The differential of a map. Check that F,(X,) is a derivation at F(p) and that
F,:T,N — Tp(p)M is a linear map.

Solution We start with showing that Fi(X,) is a derivation at F(p). By definition we have

[(F(Xp)(f - I(F(p) = [Xp((f - 9) o F)](p) = [Xp((f o F) - (g0 F))l(p)
= [Xp(f o F)|(p) - 9(F(p)) + f(F(p)) - [Xp(g o F)](p)
[(FL(Xp) FIEF(p)) - g(F(p) + f(F(p)) - [(Fu(Xp))g)-

This shows that F.(p) is indeed a derivation at F'(p). Furthermore, to prove the linearity, let
Xp,Y, € T,(N). Then

(Fe(Xp + Yp))f = (Xp + Yp)(f o F) = Xp(f o F) + Yp(f o F) = (Fu(Xp)) f + (Fu(Yp)) .

® Problem 3.2 — Velocity vector versus the calculus derivative (from L. Tu). Let ¢ : (a,b) — R be a
curve with target space R. Verify that ¢/(t) = ¢(t)d/dx|q ).
Solution Let f: R — R. From definition

Clto)f = ea( L

=

where we have used the chain rule. Thus

o) =]

® Problem 3.3 — Differential of left multiplication (from L. Tu). If g is a matrix in the general linear
group GL(n,R), let £, : GL(n,R) = GL(n,R) be left multiplication by ¢g. Thus ¢,(B) = gB
for any B € GL(n,R). Since GL(n,R) is an open subset of the vector space R"*™, the tangent
space Ty(GL(n,R)) can be identified with R"*™. Show that with this identification the differential
(lg)s,r TI(GL(n R)) — T,(GL(n,R)) is also left multiplication by g.

Solution We will use the idea of Proposition 3.10 to compute the differential using a curve. Let
c¢: (—€,€) = GL(n,R) be a curve such that ¢(0) = I and ¢/(0) = X,. Then

(£g)+,1Xp = (£g 0 ¢)'(0) = (g¢)'(0) = gc(0) = g X,

® Problem 3.4 — Differential of a map (from L. Tu.). Let F': R? — R3 be the map

(U,U,’LU) = F(x’y) = (x,y,xy).

Let p = (z,y) € R?. Compute F,(9/dz|,) as a linear combination of 8/0u,d/dv, and 8/0w at
F(p)
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Solution We know that F.(0/0z|,) € Tp,)R*. Letting (R?, 1gs = (u,v,w)) be an atlas for R?,
we will have

F*(6/6$|p) = a6/6u|F(p) + ba/a’u‘F(p) =+ c8/8w|F(p).
Applying u, v, w to both sides we will get
a = F,(0/0x|p)u, b= F.(0/0x|p)v, c= F,(0/0x|p)w.
Thus

® Problem 3.5 — Differential of a Linear Map. Let L : R” — R™ be a linear map. For any p € R",
there is a canonical identification of T),(R™) to R™ give by

, 0
Za O

Show that the differential L., : T,(R™) — T R™ is the map L : R" — R™ itself with the
identification of the tangent spaces as above.

—a=(a', -, a").
P

Solution TODO: Answer to be added.

® Problem 3.6 — Differential of a Map (from W. Tu). Fix a real number o and define F : R? — R?

by
|:Z:| _ (u’ ’U) _ F(x,y) _ |:COSCY —sma} {LL} )

sina  cosa Y

Let X = —yd/0x + x0/0y be a vector field on R2. If p = (z,y) € R? and F.(X,) = (ad/0u +
b0/0v)|p(p), find a and b in terms of x,y, and a.

Solution We start with
F.(Xp) = (a0/0u+b0/0v)|pp)-

Applying u and v to both sides we will get
a=F.(Xp)u, b=F.(Xp)v.

To compute a we will have

a=F,(X,)u=X,(uoF)=( )(zcosa —ysina) = —ycosa — rsina.

0
‘y%)p “‘%L

Similarly for b we can write

b=F(X,)v=X,(wo F) = (~y5| +ag |

)(zsina + ycosa) = —ysina + x cos a.

B Problem 3.7 — Transition matrix for coordinate vectors (from L. Tu). Let x,y be the standard
coordinates on R?, and let U be the open set

U =1R?—{(z,0)]z > 0}.
On U the polar coordinates r, 6 are uniquely defined by
x =rcosb, y=rsinf

where 7 > 0 and 0 < 6 < 27. Find 9/0r and 9/06 in terms of 9/9x and 9/0y.
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Solution We need to find the change of basis matrix. We can either use the idea of Summary 3.5
or do the computations manually. We will do the latter. We expand 9/0r

0/0r = ad/0x + bI/Dy.
Applying both sides to z and y respectively we will get
a = 0x/0r = cosb, b= 0y/0r =sin.

Similarly for 9/00 we can write
0/00 = cd/0z + d0/dy.

Applying both sides to z and y respectively we will get

¢=0x/00 = —rsind, Oy/080 = rcosé.

® Problem 3.8 — Velocity vector (from L. Tu). Let p = (z,y) be a point in R%. Then

cos2t —sin Qt} {x

ep(t) = Lin% cos 2t y} ’ teR,

is a curve with initial point p € R2. Compute the velocity vector c,(0).

Solution We can either use the result of the Proposition 3.8 or we can do a manual calculation,
which we will do the latter. Since ¢, (t) € T,(R?), then we can expand it in the bases induced by
the local coordinates. 5 9

o) = c*,p(%)o) - a%‘p n b@‘p.

Now applying x to both sides we will get
(8’ ) 6‘ (zocy(t)) 2x sin 2t — 2y cos 2t
a=cip(=| )r=—=| (zoc = —2xsin 2t — .
Protlo ot lo P Y
Similarly, by applying ¥ to both sides we will get

13} 0 .
b= C*7p(§‘o)y = a)o(y o ¢p(t)) = 2z cos 2t — 2y sin 2¢.

® Problem 3.9 — Tangent Space to a Product. If M and N are manifolds, let 7y : M x N — M and
my : M x N — N be the two projections. Prove that for (p,q) € M x N,

(71'1*,772*) . T(p,q)(M X N) — TpM X TqN

is an isomorphism.

Solution Consider the map
(my,m) : M x N — M x N.

This is indeed a diffeomorphism, and in fact (71,m2) = Larxn. This implies that (71, 72, ) is an
isomorphism of vector spaces.
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Be Careful Here! ‘14 3.11.1 I am not sure if my question above is a correct one. However, I
have provided a more direct proof below.

Second solution: We will show this by explicitly constructing a basis for T{, (M x N) as well
as T,M x T,N and we will show that the map (7., m2.) caries the bases to bases, hence is an
isomorphism of vector spaces.

Let (U,¢ = (z',---,2™)) be a coordinate chart containing p € M and (V,¢ = (y!,---,y"))
be a coordinate chart containing ¢ € N. Then a coordinate chart for M x N that contains (p, q)
would be (U x V, (¢ omy,pom) = (z,--, 2" y',---,5™)). Observe that

LY A
ozt l(pg)’ T Oxllp oz lp

7T1>¢<(

By applying 7 to both sides we get

0

J
i €T

o) Ox

ag:m*( i

(x

o) = 61
(p,a) ) ’

Thus we can write

9
ozt

and by a similar calculation for mo, we get

0

) O

7Tl*(

)
p

o
oy

I,
) Oy

71-1*(

.
On the other hand, observe that a basis for T\, (M x N) is
9 i‘ i‘ i‘ )
07 lpa)” 07" e 07 )’ T O™ )
and a basis for T,(M) x T,(N) is

0

(o 0

0
0)7 3(07% 70)

) oyt

0
9 ) 07 ‘
) . ( oy q)}
We can now see that the map (7., m2.) maps these two bases to each other, thus it is an isomor-

phism of vector spaces.

® Problem 3.10 — Differentials of multiplication and inverse (from L. Tu). Let G be a Lie group with
multiplication map p: G X G — G, inverse map ¢ : G — G, and identity element e.

(a) Show that the differential at the identity of the multiplication map p is addition:

o, (e,e) : TeG X TeG — TeGa M*,(e,e)(Xey Yve) = Xe + Ye

(b) Show that the differential at the identity of ¢ is the negative

tre T.G = TG, tee(Xe) = —Xe.

Solution
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(a) We will use the idea of Proposition 3.10 to compute the differential. Let ¢ : (—e,e) = G X G
for some € > 0, where ¢(t) = (g1(t), g(t)) such that we have z(0) = (e, e) and ¢/(0) = (X, Yz).
Then we can write

s (e,e) (X, Ye) = (0 €)' (0) = (9192)'(0) = 91(0)g2(0) + 91(0)g2(0) = X + Ve,
where we have used the fact that ()" is a derivation.

(b) We again start with the idea of Proposition 3.10. Let ¢ : (—¢,e) — G for some € > 0 such
that ¢(0) = e and ¢/(0) = X.. Thus we can write

LieXe = (L0c)'(0).
Now we aim at finding (¢ o ¢)’(0) by using the identity

ple(t), (toc)(t)) =e, fort e (—ee).

Since the function above (which is from R to G) is constant, thus its derivation will be zero.
Le.

(e (t0c))(0) = ¢'(0) 1(c(0)) +C\(9)(L °c)'(0)=0

€ €

where we have used the fact that t(e) = e and ()’ is a derivation. This implies that

(1o 0)(0) = ~X,.

® Problem 3.11 — Transforming vectors to coordinate vectors. Let X, --- , X, be n vector fields on an
open subset U of a manifold of dimension n. Suppose that at p € U, the vectors (X1)p, -, (Xn)p
are linearly independent. Show that there is a chart (V,z!,---,2™) about p such that (X;), =
(0/0x"), fori=1,--- ,n.

Solution Let (V,y!,---,4™) be a coordinate chart containing p. We expand the tangent vectors
(X1)p, -+, (Xn)p in terms of the bases 9/9y'|,, -+ ,0/dy™|, and arrange the coordinates as the
columns of a matrix P. Symbolically we can write

[(X1)p (Xa)p - (Xn)p] = [0/09']p 0/0y?], -+ 0/0y"[,)] P

Since (X;), are linearly independent, so P is non singular and is invertible. Thus we can write

[0/0y'1, /0wy -+ 9/0y"1,] = [(X1)p (X2)p -+ (Xa)y) P

Define
l‘j = Z [Pil]ji yz.
i
Since P~! is non singular and (y!,--- ,y") is a coordinate maps, this implies that (z!,--- , 2") is
also a coordinate map, thus (V, (z!,--- ,2™)) is also a chart. From the change of bases rule for the
differential in charts we know that

ox;
0/9y; = Z ayz 61’3
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where from the definition z7

. 0
0/0y" = Z [P 1]ji@.

J

Symbolically we can write this as

[0/0y* 0/0y* --- 8/0y"] = [0/0x* 9/0x* --- 9/0x" P .

By multiplying both sides as P we will get

[0/0z* 0/0x2 --- 0/0x™) = [0/0y* 0/0y? --- D)Oy"| P

Thus we can conclude that

[0/0x" 802 -+ 8/0x"] = [(X1)p (X2)p -+ (Xn)y] -

® Problem 3.12 — Local Maxima (form L. Tu). A real valued function f : M — R on a manifold is
said to have a local maximum at p € M if there is a neighborhood U of p such that f(p) > f(q)
forall g € U.

(a)

(b)

Prove that if a differentiable function f : I — R defined on an open interval I has a local
maximum at p € I then f’(p) = 0.

Prove that a local maximum of a C*° function f : M — R is a critical point of f.

Solution

(a)

Let f has a local maximum at p € I. Thus f(p) < f(z) for all x sufficiently close to p from

left. Thus
) — tim 1B I®)

T—p— Tr—Dp

On the other hand for all z sufficiently close to p from left we have f(p) > f(x). This implies
that

Combining the two inequalities above we will get
f'p)=o0.

Let p € M be a local maximum of a function f. Let X, € T,M be any tangent vectors, and
¢ be a smooth curve with velocity vector X, that starts from p. Then

Xpf = (fo0)(0).

Note that f oc is a real function from R — R that has a local maxima at ¢ = 0, thus
(foc)(0)=0. Let (U,¢ = (z*,---,2™)) be any coordinate chart. From the fact above we
know that 9

Oxi D

So by Proposition 3.11 we conclude that p is a critical point.

f=0 forte=1,2,--- ,n.
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Be Careful Here! ‘§14 3.11.2 — The converses is not true. Note that the converse of the theorem
above is not true. A critical point of a real-valued function is not necessarily an local maxima.
It can be a so called saddle point. For instance, the function F : R? — R given by 2 — 6zy + 1>
has a saddle point at (0,0).

® Problem 3.13 — Maxima Integral Curve (from L. Tu). Let X = 22d/dx be a vector field on the
real number line R. Fine maximal integral curve of X starting at = = 2.

Solution Let ¢ : (a,b) — R given as ¢(t) = x(¢) such curve such that ¢(0) = 2. By Proposition 3.10
we can write

a_.d
dt - Vdz

d(t) = é(t)
For ¢ to an integral curve we need to have
() = X|ew for t € (a,b).

Thus we will have
i =22 z(0) = 2.

By solving this initial value problem with separation of variables method, we will get

—2

) =51

The maximal domain for this curve is t € (—o0, —1/2).

® Problem 3.14 — Recovering vector field from a global flow (from L. Tu). Let F': R x R? — R? be a

global flow on R? give by
T cost —sint| |x
F (t’ {y}) - {sint cost } L/} )

Recover the vector field that generates this global flow.

Solution Since F' is a global flow, then for any given p = {ﬂ € R? F(t,p) will be an integral

curve starting at p. Thus its velocity vector at p will give the vector field at p. The velocity vector
of I' at p is given by

oF —sint  —cost T 0 0
Xp = E‘o(o’p) - { cost sint} ‘0 {y} = Vo oy

Thus the generating vector field is given as

® Problem 3.15 — Equality of vector fields (from L. Tu). Show that two C'°° vector fields X and Y
on a manifold M are equal if and only if for every C'*° function f on M we have X f =Y f.
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Solution

This direction is obvious.

For this direction we will use the proof by contrapositive. Let X,Y be two vector fields that
do not match at some p € M, i.e. X, # Y,. With reference to a local coordinate chart we
can expand X, Y}, in terms of the local bases vectors. We will have

;0 ;0
Xp:zaal'i p7 szzbal‘l p

Since X, # Y, then there exists at least one ¢ such that a* # b'. Define f : M — R to be
f =2a* Then

X, f =d', Y,f =V
Since a® # b, then we conclude that X, f # Y,. This implies X f # Y f.

® Problem 3.16 — Vector field on an odd sphere (from L. Tu). Let 2!, 3!, --- 2™, 4" ve the standard
coordinates on R?". The unit sphere 52"~ ! in R?" is defined by the equation >, (z*)?+(y")? = 1.
Show that

.0

X = x' .

Z v a:ﬂ \b/ ayz

is a nowhere-vanishing smooth vector field on S?"~!. Since all spheres of the same dimension
are diffeomorphic, this proves that on every odd-dimensional sphere there is a nowhere-vanishing

smooth vector field. It is a classical theorem of differential and algebraic topology that on an
even-dimensional sphere every continuous vector field must vanish somewhere.

Solution  For this, we first use the following result that is proved elsewhere in the problems.

Lemma 3.2 The unit sphere S™ in R"*! is defined by the equation ZnH( 2 = 1. For
p=(p',- - ,p"t1) € S", a necessary and sufficient condition for

X, =) a'd/0x’|, € T,(R™)
to be tangent to S™ at p is > a’p’ = 0.
Let p = (pt,qt, -+ ,p™, q") be a point on the unit sphere S?"~1. Thus from definition we have
Y @)+ =1

At this point the vector field X is

—~ ;0 ;0
Xp=2 4 oz P oy
=1

Thus it follows immediately that

n n
Zaipi T bigh = Z_qipi 1 pigi = 0.
i=1 i=1
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This shows that X, is a tangent vector to p € S*"~1. On the other hand, for the vector field X to
vanish, all of its coefficient functions must vanish, which occurs only at the origin, where it is not
located on the unit sphere S27~1.

We summarize the result of this problem in the theorem below.

Theorem 3.5 — Hairy ball theorem. On an even-dimensional unit sphere, every continuous tan-
gent vector field should vanish somewhere.

B Problem 3.17 — Maximal integral curve on a punctured line (from L. Tu). Let M be R — {0} and
let X be the vector field d/dx on M. Find the maximal integral curve of X starting at z = 1.

Solution Let ¢ : (a,b) — R be the integral curve of X = d/dz starting at p = 1. Since
' (t) = éd/dx, then we need to have

¢=1, ¢(0)=1.
Solving the initial value problem above we will get
ct) =t+1.

The maximal domain for this curve is (0, c0).

® Problem 3.18 — Integral curves in the plane (from L. Tu). Find the integral curves of the vector
field
0 0 x
Xgy =T~y = on R?.
() Oz yay {—y}

Solution Let c: (a,b) — R? given by c(t) = (x(t),y(t)) to be an integral curve. Then we need to
have

Thus the integral curves are given as

c(t) = (x(t),y(t)) = (Ae', Be™"),

where A and B are determined by the starting point of the curve.

® Problem 3.19 — Hypersurface (from L. Tu). Show that the solution set of the equation z3+y3+23 =
1 in R3 is a manifold of dimension 2.

Solution Define F': R?® — R as f(x,y,2) = 23 + y> + 2z3. The solution set of 3 +y> + 2% =1 is

the same as the level curve of f with level 1. Since f, = [3z® 3y? 32?] is not surjective only at
(0,0,0), and this point is not on the level set, then f. is surjective for all points of the level set,
hence a regular level set. By Theorem 3.3 the level set is a submanifold of dimension 3 — 1 = 2,
and by Proposition 3.19 it is a manifold of dimension 2.

® Problem 3.20 — Regular values (from L. Tu). Define f : R? — R by

flzy) = a® — 6y + ¢°.

Find all values ¢ € R for which the level set f~1(c) is a regular submanifold of R?.



110 CHAPTER 3. TANGENT SPACES
Solution A regular level set of a function is the pre-image of a regular value of that function. We
need to find the critical points of the map. The differential of the map is given by

F. = [32% =6y —6z + 2]

Thus F is not surjective at the points (0,0) and (6, 18) in its domain. So for all ¢ € R — {0, —108}
the level curve f~1(c) will be a regular level set.

® Problem 3.21 — Solution set of one equation (from L . Tu). Let x,y, 2, w be the standard coordinates
on R*. Is the solution set of z° +¢° 4+ 2° + w® = 1 in R* a smooth manifold? Explain why or why
not. (Assume that the subset is given the subspace topology).

Solution Define F: R* = R as F(x,y,z,w) = 2% +y° + 2° + w®. The solution set of the equation
above is the same as the level set F~1({1}). We need to show that this level set is a regular level
set. To see this consider the differential of F' give as

F,=[52' 5y' 5z 5uwl]

By Proposition 3.11 the only critical point of this map is the origin (0,0,0,0) which is not in
the solution set, i.e. F'(0,0,0,0) # 1. This implies that the level set is a regular level set, hence
a regular submanifold, hence a smooth manifold of codimension 1, or equivalently of dimension
4—1=3.

B Problem 3.22 — Solution set of two equations (from L. Tu). Is the solution set of the system of
equations
4yt 4+ 22 =1, z =y,

in R? a smooth manifold? Prove your answer.

Solution Define the map F : R3 — R? as F = (fy, f2) = (3 + y3 + 23 — 1,2y — 2). The solution
set of the system of equations above is the same as the zero set of the function F. In order for this
zero set to be regular, we demand that the map F' be surjective on this level set. The differential
of the maps is given by

2 2 2
o= {?m 3y° 3z }
Y r -1

In order for F not to be surjective, all of (2 x 2)-minors of the F should vanish. I.e. we need to
have
3 =P, 22 +yz2 =0, 2+ 22 =0.

The simultaneous solution of these equations is
{(0,0,2) | z e R} U{(z,z,£v—2) | = < 0}.

Non of these points is on the level set, (i.e. do not satisfy the set of two equations). So we
conclude that the solution set is a regular level set, hence a regular submanifold, hence a manifold
of codimension 2, or alternatively a manifold of dimension 3 —2 = 1.

® Problem 3.23 — Solution set of two polynomial equations (from L. Tu). Decide whether the subset
S of R? defined by the two equations

PP+ =1, a+y+z=0,

is a regular submanifold of R3.
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Solution Define F : R® — R? as (f1, f2) = (® +y® + 2%, 2 + y + 2). The solution set of the two
polynomial equations above is the same as the level set F~1(0,1). The Jacobian of this map at

p € R3 is given by
322 3y% 322
Fo= { 1 1 1

For F, not to be surjective on the level set, then all of its 2 x 2 minors should vanish. I.e. in order
for F, not to be surjective we need to have

322 — 3y? =0, 322 - 322 =0, 3y% — 322 =0.
The solution set of these equations is A = A; U As U A3 U Ay U A5 where

Ay ={(t,t,t) : t e R—{0}}, Ay ={(—t,t,t) : t e R —{0}},
Az ={(t,~t,t): t € R—{0}}, Ay ={(tt,—t):teR-{0}},  As={(0,0,0)}.
Non of these solution sets satisfy the two polynomial equations (or equivalently are not on the

level set of F' with level (1,0)). So the level set is a regular level set, hence a manifold of degree
3-2=1.

® Problem 3.24 — Maximal integral curve in the plane (from L. Tu). Find the maximum integral
curve c(t) starting at the point (a,b € R?) of the vector field X, ,) = 8/0x + 20/0y on R?.

Solution Let ¢ : (o, 3) — R? be an integral curve given as c(t) = (z(t),y(t)) of X starting at
(a,b). Since

Thus we need to have

|1 x(0)
REI y(0)
Solving the ODE system above we will get

rt)y=t+A4,  yt)= %tQ + At + B.
Applying the initial conditions we will get
A =aq, B =b.
So the integral curve is given as

1
ct) = (t+a, §t2 +at +b).

The maximal domain for this integral curve is (—o0, 00).

B Problem 3.25 — Integral curve starting at a zero of a vector field (from L. Tu).

(a) Suppose the smooth vector field X on a manifold M vanishes at a point p € M. Show that
the integral curve of X with initial point p is the constant curve c(t) = p.

(b) Show that if X is the zero vector field on a manifold M, and ¢;(p) is the maximal integral
curve of X starting at p, then the one parameter group of diffeomorphisms ¢ : R — Diff (M)
is the constant map c(t) = 1.
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Solution

(a) Let ¢: (a,b) — M be the integral curve of X starting at p. Thus we have the following initial
value problem _ ' _
¢'(t) =0, c(0)=p".

This implies that the integral curve is the constant curve c(t) = p.

(b) For this we need to find the global flow generated by the vector field. Let the global flow be
F:R x M — M. From part (a) above we can see that

F(t,p)=p VteR, pe M.

Thus for a fixed p € M the function F; : M — M is the identity map 1,;.

B Problem 3.26 — Maxima integral curve (from L. Tu). Let X be the vector field 2d/dz on R. For
each p € R, find the maximal integral curve c(¢) of X starting at p.

Solution Let ¢ : (a,b) — R given as ¢(t) = x(t) be the maximal integral curve of interest. Then
we will have the following initial value problem.

The solution of the initial value problem above is given as
z(t) = pe'.

The maximal domain of this curve is given as (—o0, 00).

® Problem 3.27 — Maximal integral curve (from L. Tu). Let X be the vector field 22d/dx on the real
line R. For each p > 0 in R, find the maximal integral curve of X with initial point p.

Solution Let ¢ : (a,b) — R given as ¢(t) = x(¢) be the maximal integral curve of interest. Then
we will have the following initial value problem.

The solution of the initial value problem above is given as

1 p
t) = = .
z(?) t—1/p 1—pt

If p > 0, the maximal domain for this curve is (—oo,1/p). However, if p < 0, then the maximal
domain for this curve is given as (1/p, 00).

B Problem 3.28 — Reparameterization of an integral curve. Suppose ¢ : (a,b) — M is an integral
curve of the smooth vector field X on M. Show that for any real number s, the map

cs:(a+s,b+s)— M, cs(t) = c(t — s),

is also an integral curve of X.
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Solution Without loss of generality, let 0 € (a,b). Let ¢(0) = p, and 2'(0) = X,. Then
s € (a+ s,b+s). So for cs(s) we have

cs(s) = c(s —s) =¢(0) = p.
Furthermore, since from the chain rule we have ¢,(t) = ¢/(¢t — s) then
di(s) = (0) = X,.
Thus ¢4(t) is an integral curve of X that passes from the point p at ¢ = s.

Observation 3.11.1 — Uniqueness of integral curve. As we discussed in Theorem 3.1, the solution
of an initial value problem is unique. But based on the observation above, a more accurate
term to state the statement above is to say that the solution to an initial value problem is
unique up to a reparameterization.

® Problem 3.29 — Lie bracket of vector fields (from L. Tu). If f and g are C'*° functions and X and
Y are C'*° vector fields on a manifold M, show that

[f X, 9Y] = fglX, Y]+ f(Xg)Y —g(Y )X

Solution To see this, first note that X, Y are both derivations. Thus expanding the Lie bracket
we will get

[fX,9Y] = (fX)(9Y) — (¢YV)(fX)
For the first term in RHS we have

(fX)(gY) = fX(9Y) = f[X(9)Y + gXY]| = fX(9)Y + fgXY,
while for the second term we have

(GY)(fX) = gY (fX) =g[Y (/)X + fYX] =gV (f)X +gfVX.
Combining these two terms while noting that fg = gf

[fX,9Y] = fg(XY =Y X) + fX(9)Y — gY ()X = fd[X, Y]+ fX(9)Y — gV () X.

® Problem 3.30 — Lie bracket of vector fields on R? (from L. Tu). Compute the Lie bracket
[—y0/0z + x0/0y, 0/0x]

on R2.

Solution Using the definition we can write

[—y0/0x + x0/0y, 0/0x]) = (—yd/0x + x0/0y)(0/0x) — (0/0x)(—yd/dx + x0/Dy)
= —y0?/0x? 4+ 20* | Oydx + y0? | 0x® — x0* /Dxdy
=0.
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® Problem 3.31 — Lie bracket in local coordinates. Consider two C* vector field X,Y on R™:

; 0 .0
X:Za Ey Y:Z(ﬂ@,

where a’, b/ are C* functions on R™. Since [X, Y] is also a C°° vector field R",

ZC 8xk

for some C* function ¢*. Find the formula for ¢* in terms of a* and ¥7.

Solution By the bilinearity of the Lie bracket, we can write

) .0 ) -0 0 0 3() 0 . dat 9
_ i 9 i 9 1_ i i 9 1_ ipj v j
X, Y] Z[a axi’zb 3a:j} Z[a 83:“b 8xj] Z(a b [856“ 8xj]+ oxt Oxd b Oxi ami)

z J 2y ]

By using the fact that [%, %] = 0 for all 4, j, and by re-arranging the similar terms we can get

_ Ziai% Z'bj% 9
[X,Y]—Zk:det{ o’ T o

oxk

Thus we have

— det F: o Ly W} .
a

® Problem 3.32 — Regular Submanifolds. Suppose that a subset S of R? has the property that locally
on S one of the coordinates is a C'*° function of the other coordinate. Show that S is a regular
submanifold of R2.

Solution We can show this in two ways. First by finding an explicit adopted chart, and second, by

showing that this graph if a regular level set of a smooth map. For the first method, let y = f(x),
and p € S, thus y(p) = f(z(p)). Let U be any open set containing p, then define the coordinate
map ¢ = (z, f(x) — y). Note that the Jacobian of this map is given by

Tl = < B _01)

hence it is non-singular. Thus ¢ is a local diffeomorphism, so it is a local coordinate map. With
this choice of the local chart, the set S MU is defined by vanishing the second coordinate of ¢.
Thus (S NU,¢) is an adopted chart, and since p € S was chosen arbitrary, the set S is a regular
submanifold, hence a manifold of dimension 1. For the second method, we need show that S,
as the graph of a smooth map y = f(x) is a regular zero set of the map F : R? — R given as
F(z,y) = f(z) —y. The differential of this map is

and by Proposition 3.11 we conclude that F' is always surjective, thus its zero level curve is regular,
hence the set S is a regular submanifold.
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B Problem 3.33 — Graph of a smooth function. Show that the graph T'(f) of a smooth function
f:R?2 5 R,
L(f) = {(z,y, f(z,y)) € R’}

is a regular submanifold of R3.

Solution We need to show that the graph I'(f) a regular level set of a smooth map. Define
F:R>— Ras F(z,y,2) = 2 — f(z,y). Then the graph I'(f) is the zero set of this map. The
differential of this map is given by

F* = [_fam _fy7 1]

where by Proposition 3.11 is surjective. Thus the zero set is a regular level set, hence T'(f) is a
smooth manifold.

® Problem 3.34 — Euler’'s Formula (from L. Tu). Let F' be a homogeneous polynomial of degree k.
Thus for any ¢t € R we will have

F(txg, - ,tx,) = th(:co,--~ L)

Show that

n

1=0

Solution To see the we differentiate the both sides of the identity F(tzo, - - - ,tz,) = t* F(zg, -+, 2y)
with respect to ¢ and utilize the chain rule to get

OF
ina—mi(mo, s tey) = ktk_lF(xo, Ce L Tg).
Let ¢ — 0. Then we will get

OF
zl:xlaixl(x(% 7xn) = kF(l‘O, axn)'

® Problem 3.35 — Product of regular submanifolds (from L. Tu). If S; is a regular submanifold of the
manifold M; for i = 1,2, prove that S; x S5 is a regular submanifold of My x M.

Solution Let M; and M> be manifolds of dimension my, mo. Since S7 is a regular submanifold
of My, then for p € Sy, there exists a local chart (U, ¢ = (¢*,---,¢™)) such that S; N U, is the
zero set of (¢!, - -+, ¢") for some k < my. Similarly for So, for any g € Sy, there exists a local chart
(Vg = (1, -+ ;4™2)) such that Sy NV, is the zero set of (¢1,--- ) for some | < mq. Let
(p,q) € Sy x Sy. Then (S; x S2) N (M; x My) is defined as the zero set of (¢!, --- , % b, -+ ),
hence is a regular submanifold of codimension (m; + msg) — (k +1).

® Problem 3.36 — Complex Special Linear Group (from L. Tu). The complex special linear group
SL(n,C) is the subgroup of GL(n,C) consisting of n X n complex matrices of determinant 1. Show
that SL(n,C) is a regular submanifold of GL(n,C) and determine its dimension. (This problem
requires a rudimentary knowledge of complex analysis).
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Solution The proof is exactly the same as the proof of Proposition 3.21 with the only difference
that in order to show that the determinant function det : GL(n,C) — C is differentiable, we need
to highlight that det function is a holomorphic function as it is a polynomial of its components,
hence it is differentiable everywhere on its domain.

B Problem 3.37 — The Transversality Theorem. newEnv
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4. Lie Groups and Lie Algebra
N~————

We start with the definition of a Lie group.

Definition 4.1 — Lie Group. A Lie group G is a smooth manifold that also has a group structure,
and the multiplication and the inverse map are both smooth. I.e. the two maps

p:GxG—G, t:G—=G

are smooth maps. These maps are give as

u(a,b) = ab, t(a) =a?,
for a.b € G.

Similarly to the notion of a group acting on a set, a group can also act on itself which has its
own terminology.

Definition 4.2 — Translation. Let G be a group. Every a € G induces two maps
l.:G— G, re : G — G,

given as
la(g) = ag, Tll(g) = ga,

for g € G. The maps [, and r, are called left / right multiplication by a or left/right translation
by a.

Proposition 4.1 Let G be a Lie group and a € G. Then the left translation [, : G — G is a
diffeomorphism.

Proof. First, we show that [, has an inverse, hence is a bijection. We claim that [,-1 where
a~! = 1(a) is the inverse of [,. To see these we use the fact that I, ol = l4. Thus

la Ol;,l = laa*1 =l = 1g.

Similarly
It oly =lg-14=1.=1¢g.

a

117
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Now it remains to show that [, and [,-1 are both smooth. This follows immediately from the fact
that I, and [ ! are restrictions of 1 to {a} x G and {a~'} x G respectively. O

Since Lie groups has extra structures (compared to a group), its homomorphisms should also
preserve that structure. This is reflected in the definition below.

Definition 4.3 — Lie Group Homomorphism. A map between two Lie groups F : H — G is a Lie
group homomorphism if it is a group homomorphism, and a C'°>° map.

B Remark 4.1 A group homomorphism is a map F' : H — G such that
F(ab) = F(a)F(b)

for a,b € H. In a functional notation, this can be written as
Fol,=lpg)oF.

® Remark 4.2 Let a,b = ey and denote the identity of G as eq. Since F is a homomorphism we
have
F(eHeH) = F(GH)F(BH) — F(@H) = F(eH)F(eH).
This implies that we must have
F(eg) = eq.

Thus the homomorphism maps the identity element to the identity element.

Now we start by introducing a very important Lie group, called the general linear group
GL(n,R).

Proposition 4.2 The general linear group, denoted by GL(n,R), topologized as a subset of R"™*™
is a Lie group.

Proof. The general linear group with the given topology is an open subset of R™*™ thus it is a

manifold. The group structure of this set is also obvious. Now what remains to show is to show

that the multiplication and the inverse maps are both smooth. Let A, B € GL(n,R). Then from

the definition of matrix multiplication we know

[AB);; = ZAi,kBk,j.
k

So the (7, j) element of AB is a polynomial in terms of the coordinates of A and B, this is a smooth
function. For the inverse, we know that

1

A7 = G

(—1)""9((4,4)-minor A).

Again, since (j, ¢)-minor of a matrix is a polynomial in terms of its elements, and since det(A4) # 0,
we conclude that ¢ is also continuous. O
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4.1  Summary

Summary £ 4.1 — Some Vocabulary. Don’t confuse the following names!
o General Linear Group GL(n,R): n X n real matrices with a non-zero determinant.
o Special Linear Group SL(n,R): n x n real matrices whose determinant is one.

o Orthogonal Group O(n): All matrices on GL(n,R) that are symmetric. Le. O(n) =
{AeGL(n,R): ATA=1}.
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5. Appendix

Change of Basis
Let V be a vector space of dimension n, and By = {e;}?_; be a basis. Then for a € V' we can

write it uniquely as
o= E a'e;.
i

Once we know a particular basis, we can do the following association

0 1
o
: a?
1 ~
€; < o a= :
i—th element ! 1
an—
0
And we define the transpose operator to be @’ = (a' --- a"). Then we can write the unique

decomposition of « to the basis vectors as

a=(a; - ap)

n

where these symbols act with the usual multiplication of vectors. Since these representations of
elements of the vector space by column vectors depends on the particular basis that we choose,
then then natural question is that how these symbols will change if we change the basis. Assume
that the old basis is changed to the new By = {¢/}™ , where

T

/ . -

€1 i1 Ti2 - TIN €1 €1
/ .

€9 21 T22 - T2N €2 o €2
. = :R

/ P .
€, TN1 N2 c++ T'NN €n €n

121
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To find the coordinates of « in the new basis we can write

el
o1 | €2

a=(a; - ap)(RY)”
(Br - B2) e

Thus the the relation between then new coordinate of v and the old coordinate is

aq

Qn

[ 8,
Bn

To observer how does linear map representation in new coordinates change consider the equation

&

Ln

hn
Yn

where the representation of column vectors and the matrix M is in the basis By. If we change it
to a new basis by the change of basis matrix R, then for the new coordinates we will have

/

/

Ty hn
R|:|=MR|:
T Yn
This implies
zy i
| =R_'MR | :
Ty M

Summary p' 5.1 — Change of basis. In a nutshell, Let V is a vector space of dimension N. Then
after specifying a basis B; = {e;}, we can represent the elements of vector space as column
vectors. If we want to change the basis to a new basis Bo = {e}} with the change of basis
matrix R (whose j — th) column contains the coordinates of €} in terms of B; basis vectors.
Then the relation between new coordinates and the old coordinates is

represented according to Ba

—
/
I .’I;l
/
v x
"1p, "1 g,

represented according to B,



5.2. CHANGE OF BASIS (A SECOND GO!)

Also if
Y1 X1
=M
x
Yn B, n o
then
Y1 T
:| =R 'MR|:
Y, 5, Ty,

Change of Basis (A second go!)

123

This is my 89053291-th time that I am thinking about the change of basis and what is an appro-
priate way to express this. I always forget how to write the change of basis matrix appropriately.
Should it appear as R™', or as RT? The right hand side should be the new basis vectors, or they
should be on the right hand side, and all these kind of questions. Different approaches by different
people (for example Sadri Hassani book) make it even more challenging to remember a working
principle for the future references. Here is the way that I did last time and it worked very well. I

first started with a first initial guess

€, en

where {e1, ea, e3} is the old basis vectors and the ones with " appearing on them are the new ones.

Let v be any vector in your vector space. We can write it as

€1
U:Zwei or v={[vy - V||
i en
From the change of basis formula we can it as
€
v=[n v R
€
This implies that the new coordinates are
[1/1 Ce ]/;L] = [Vl . Vn] Rfl

Thus the new coordinates in terms of the old coordinates will be written as

n iz
_ (RT)_l
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We don’t want the matrix above look that ugly! So do the right thing from the beginning and
start with
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