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1.1 Events as Sets

® Problem 1.1.1 Let {A; : 7 € I'} be a collection of sets. Prove “De Morgan’s Laws”’

(0) - (o) -

Solution Let z € (U;A4;)°. Then z ¢ U;A;. So Vi € I we have x ¢ A;, or equivalently z € A¢.
Using the definition of intersection = € N; A. For the second identity,

z € (ﬂA,) N

Felst.ax¢ A &
dielst xecAf &

zel JAs.

® Problem 1.1.2 Let A and B belong to some o-filed F. Show that F contains the sets AN B,
A\B and AAB.

Solution Since A, B € F, A¢, B¢ € F as well. So
ANB=(A°UB°° e F,
since A°, B¢ € F and F is closed under union and complement. Furthermore
A\B=ANB°eF.

And
AAB=(AUB)\(ANB) e F.
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B Problem 1.1.3 A conventional knock-out tournament begins with 2" competitors and has n
rounds. There are no play-offs of the positions 2,3,--- ,2™ — 1, and the initial table of the draws
is specified. Gen a concise description of the sample space of all possible outcomes.

Solution Consider the following draw table for the tournament. Without loss of generality we
can assume that the team on the left will win each game (as depicted in the following draw table).
Then each placement of the teams in the first row represents a valid outcome of the tournament.
So for 2™ players, there will be 2! possible outcomes for the tournament.

B Problem 1.1.4 Let F be a o-field of subset of w and suppose that B € F. Show that G = {ANB:
A € F} is a o-field of subsets of B.

Solution Any element of G is of the form AN B for some A € F, thus AN B C B. It remains to
show that G is a o-field.
(a) Contains B and @: Because Q@ € F, so G 3 QN B = B. Furthermore, & € F. So
Go>@NB=2.

(b) Is closed under countable union: Let (4; N B) € G. Then

UuinB)=(JAa)nBeg.

(c) Is closed under complement with respect to B: Let AN B € G. The complement of AN B
with respect to B is
B\(AnNB)=BnN(ANnB)=BN(A°UB)=A°NBeg.

® Problem 1.1.5 Which of the following are identically true? For those that are not, say when they
are true.

(a) AUBNC)=(AUB)N(AUCQ).
(b) AN(BNC)=(AnB)NC.

(¢c) (AUuB)NC =AU (BNCQO).

(d) A\(BNC) = (A\B) U (A\O).
Solution  (a) True.

(b) True.

(¢) Not true. Only holds when C' C B.
(d) True.
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Probability

® Problem 1.2.1 Let A and B be events with probabilities P(A) = 3/4 and P(B) = 1/3. Show that

1
— <P(ANB) <
5 S B ) <

W =

Solution Since AN B C B, it implies that
P(ANB) <P(B)=1/3.
For the lower bound, using the inclusion exclusion principle, we have

P(AN B) = P(A) + P(B) — P(AU B) > P(A) + P(B) — 1 = 1/12.

® Problem 1.2.2 A fair coin is tossed repeatedly. Show that, with probability one, a head turns up
sooner or later. Show similarly, that any given finite sequence of heads and tails occurs eventually
with probability one. Explain the connection with Murphy’s law.

Solution Let E,, be the event that at least one heads appears after n tosses.

1
PE,)=1-PE;)=1- on”
Asn — oo, P(E,) — 1. E, happens with high probability.
Now we want to show that any finite sequence of heads and tails will eventually happen with
probability one. Let s = (s1,- -, x) be the sequence of interest, and let E,, be the event that this
sequence appears somewhere in the first n = k- N tosses. Observe that

]P)(En) =1- HD(ErCL)

Let B be the event that the sequence s appears somewhere in the blocks 1,--- ;kor k+1,--- ,2k.
Observe that B C E,,. Thus E¢ C B°. So

P(E,) =1-P(ES) >1—P(B°).

And for P(B) we have

P(B) = (1- )",

where N =n/k. So

1 n/k
P(E,) >1-— (1 - 27) =a", a <1

So P(E,) — 1 as n — 0. So E, happens with high probability, or equivalently, the sequence s
will eventually happen.

® Problem 1.2.3 Six cups and saucers come in pairs: there are two cups and saucers which are red,
two white, and two with starts on on. If the cups are placed randomly onto the saucer, find the
probability that no cup is upon a saucer of the same pattern.

Solution Consider the events:
R : The red cup matches with the red saucer,

W : The white cup matches with the white saucer,

S : The star cup matches with the star saucer.
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Then we are interested in P(S°N RN W¢). We can write

P(S°NR AW =1-P(SURUW)
=1— (P(S)+P(R)+P(W) —P(SNR) —P(SNW) —P(RNW) + P(RNSNW)).

Observer that
and
P(SNR)=P(S|R)-P(R) =

and with a similar calculation:
1
P(SNR)=P(SNW)=P(RNW) = 5

And finally P(SNRAW) = P(S|RNW) -P(RAW) =1- 1. So

11 1
P(SSNWNR)=1—(1->+=)=-.

® Problem 1.2.4 Let Ay, Ao, -, A, be events where n > 2, and prove that
P(UiAi) = Y CP(A;) = Y P(AinA;) + > P(AiNA;NA) +--+ (=) P(A N~ N Ay).
i i<j i<j<k

Also, assume that in each packet of Corn Flakes may be found a plastic bust of one of the last
five Vice-Chancellors of Cambridge University, the probability that any give packet contains any
specific Vice-Chancellor being 1/5, independently of all other packets. Show that the probability
that each of the last three Vice-Chancellor is obtained in a bulk purchase of six packets is 1 —
3(4/5)5 +3(3/5)% — (2/5)°.

Solution To prove the inclusion-exclusion principle, there we can either prove it directly, or prove
it for the simple case n = 2 and use induction. To prove directly, let 14, : & — {0,1}, where
14,(z) =1if z € A; and zero otherwise. Observe:

%

= Z]lAa‘, — Z]lAq‘,ﬁAj 4+ 4 (71)n+1]1m“4i.

i<j
Taking expectation we will get

P(UiA;) =Y P(A) = Y P(AiNA) + Y P(ANANAL) +--+ (=) P(A NN Ay)

1<j i<j<k

For the second part of the question, let A; be the event that the ' to last vice president does
not happen. So we are interested in

P(A N AS N AS).
Using the inclusion-exclusion principle we can write

P(ASNASNAS) = 1-P(A1UAUA3) = 1—(P(A1)+P(Ag)+P(A3)—P(A1NAy)—P(A1NA3)—P(A3NA3)+P(A1NANA3)).
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Observe that A

P(41) = P(A2) = P(4g) = (5)°,
and
P(Al n Ag) = ]P)(Az n Ag) = ]P)(Al N AQ) = P(A1|A2)]P’(A2) = (2)6 . (g)G — (g)G
And finally
P(A; N As N Az) =P(A1]A2 N A3)P(A2 N As) = (;)6 . (g)6 = (%)6
So

P(AT N ASNAS) =1 —3(4/5)% +3(3/5)° — (2/5)°

® Problem 1.2.5 Let A, with r > 1, be the events such that P(A,) = 1 for all . Show that
P(N.A,) = 1.

Solution First observe that for any A; and A; we have P(4; N A;) = 1. This follows from:
1= P(AZ U Aj) = ]P(Al) + P(AJ) - P(AZ N Aj),

where we have used the fact that since A,UA; D A;, hence P(4;UA;) > P(A;) = 1,s0 P(4,UA;) =
1. By using the inclusion-exclusion principle for three sets A;, A;, Ay, we get that

P(A; N A;NAy) = 1.

Let
B1:A1, BnglﬁAg, BgZAlmAgﬂAg,

Observe that By 2 Bo D B3 2 --- , and let B =N, B, = N,A,. By continuity of probability

P(NnAn) = P(B) = lim P(B,) = 1,

where we have used the fact that P(B,,) = 1 as shown above.

® Problem 1.2.6 You are given that at least one of the events A,, 1 < r < n, is certain to occur,
but certainly no more thank two occur. If P(A,) = p, and P(4, N A,) = ¢ with r # s, show that
p>1/nand ¢ <2/n.

Solution We know that P(U;4;) = 1 and P(A4; N 4; N Ax) = 0. By inclusion exclusion principle
we have

n(n—1
1= P(Uid) = Y P(A) = Y P(ANA)) = np— %q_
i i<j

Solving for p we get

1 n n—1

p= n 5 q.

It immediately follows that p > 1/n. Furthermore, solving for ¢ we get

_ 2 1)

on(n—1)"

Since p < 1, then it follows that ¢ < 2/n.

®m Remark The idea above can be interpreted as an “almost” partitioning of €2 into equal sized
sets, where two sets can have “slight” overlap (hence the word almost partition), but no three sets
have overlap.
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® Problem 1.2.7 You are given that at least one, but no more than three of the events A,., 1 < r < n,
occur, where n > 3. The probability of at least two occurring is 1/2. If P(4,.) = p, P(A,NAy) = g,
r#s,and P(A, N As N A) =2, r < s <t, show that p > 3/(2n), and ¢ < 4/n.

Solution Still thinking!

Conditional Probability

® Problem 1.3.1 Prove that P(4|B) = P(B|A)P(A)/P(B) whenever P(A)P(B) # 0. Show that if
P(A|B) > P(A), then P(B|A) > P(B).

Solution Observe that
P(A|B) =P(ANB)/P(B) =P(B|A)P(A)/P(B).
Furthermore, since
P(A|B) > P(B),

we have

P(AN B) > P(A)P(B),
and then we can write

P(BNA)/P(B) > P(A).

This implies that
P(B|A) > P(A).

® Problem 1.3.2 For events Aj, Ag, - - , A, satisfying P(A;NAsNAsN---NA,_1) > 0, prove that
P(A;NAsN---NA,) =P(A))P(Az]A1)P(A3|A1 N Ag) - - P(Ap]A1 N AN ---NA,_q).

Solution Observe that
P(NIA;) = P(A,| N7t A)P(NPZEA).

Continuing with this expansion on the right hand side, we will get the desired identity.

® Problem 1.3.3 A man possesses five coins, two of which are double-headed, one is double tailed,
and two are normal. He shuts his eyes, picks a coin at random, and tosses it. What is the
probability that the lower face of the coin is a head? He opens his eyes and sees that the coin is
showing heads. What is the probability that the lower face is a head? He shuts his eyes again and
tosses the coin again. What is the probability that the lower face is a head?

He discards this coin, picks another at random, and tosses it. What is the probability that it
shows heads?

Solution Let HH denote the event that the tossed coin is the head-head coin, 7T the event that
the tossed coin is the tail-tail coin, and N the even that the tossed coins is a normal coin. Let LH
denote the event that the lower face is a head.

P(LH) = P(LH|HH)P(HH) + P(LH|TT)P(TT) + P(LH|N)P(N)
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For the probability of the lower face being head after observing the upper face is head, let UH
denote the probability that the upper face is head. We can write

P(LH|UH)=P(LHIHHNUH)P(HH|UH)+P(LHTTNUH)P(TT\UH)+ P(LHINNUH)P(N|UH)
Observe that

P(UH) =P(UH|HH)P(HH) + P(UH|TT)P(TT) + P(UH|N)P(N) = % +0+

So we can write
P(HH|UH) = P(UH|HH)P(HH) _ (1)-(2/5) _ g

P(UH) 3/5 3
Similarl
Y P(UH|TT)P(TT)
P(TT|UH) = PUH) =0,
and
_PWHIN)P(N) _ (1/2)-(2/5) 1

P(N|UH) = FUH) = 35 =3

So

2 2
P(LH|UH) = § +0+o.

For the scenario, where he tosses the coin again, it is the same as the person randomly looks
at one side of the selected coin and observes that it is heads. Let this event be denoted by SH
(seen heads). So
P(LH|SH)=P(LH|SH,HH)P(HH|SH) + P(LH|SH, TT)P(TT|SH) +P(LH|SH,N)P(N|SH)

0

2 1
= -+ -P(N|SH).
>+ ZP(NISH)

For the second term we have

p(vjsi) = ESHINEW) _ -8 1

P(SH) I3
So
2 1 5
P(LHISH)= =+ ===
(LH|SH) =3+ 2 =%

After the play looks at the coin and finds it is a head facing up, then the probability that the
lower face is head is P(LH|SH,UH). Note that we can write this as Pgy(LH|UH) for simpler
notation.

Psy(LH|UH) = Psy(LH|UH, HH)Psy (HH|UH)
+Psu(LH|UH,TT)Psu(TT|UH) + Psu(LH|UH, N)Ps (N|UH)
— P(HH|UH, SH),

where we have used the fact that Py (LH|UH,TT) = Psy(LH|UH,N) =0, and Psy (LH|IUH,HH) =
1. To calculate P(HH|UH, SH) one can write
Psy(UH|HH)Psy(HH) 1-(2/3) 4

Psy(HH|UH) = Psy (UH) "~ 5/6 5
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where we have used the fact that P(HH|SH) = P(HH|UH) and P(UH|SH) = P(UH|SH) =
P(LH|SH).

For the last part of the question, let the events HH™ , TTM) NU) denote the probability that
the first coin was HH,TT, and N respectively. And let H denote the event that the the result of
the toss is heads. Let E be the event of observations so far (after first toss the heads was up and
after the second toss the heads was up.)

Pp(H) = Pp(HHHM)PR(HHD) + Pg(H|TTMW)Pr(TTW) + Pp(HINW)P5(NY).
—_———
0
TODO: solution of the last part incomplete.

B Remark — Important. Note that while solving the problem above, although we were using P for
the probability measure in all of the cases, but in different parts of the question the probability
space has been implicitly changing, this IP measure.

® Problem 1.3.4 What do you think of the following “proof” by Lewis Carroll that an urn cannot
contain two balls of the same colour?

Suppose that the urn contains two balls, each of which is either black or white; thus, in the
obvious notation,

1
P(BB) =P(BW)=P(WB) =P(WW) = T
We add a black ball; so that

P(BBB) = P(BBW) = P(BWB) = P(BWW) = i

Next we pick a ball at random; the chance that the ball is black is (using conditional probabilities)

1 1+2 1+2 1+1 12
434 34 34 3
However, if there is probability % that a ball, chosen randomly from three, is black, then there
must be two black and one white, which is to say that originally there was one black and one white
ball in the urn.

Solution Consider the following description of the problem: We choose two consecutive Black or
White balls randomly each with probability 1/2 and put it in an urn. We add one more black ball.
Then the probability of 2/3 calculated above, is the probability of observing a black, if we draw
a random ball from the urn. The 2/3 probability, does not imply that the content was 2 black
balls and 1 white ball. Because this number refers to a multi-stage experiment, rather than simply
drawing a ball from an urn containing three balls.

B Problem 1.3.5 — The Monty Hall Problem: goats and cars. (a) In a game show, you have to choose
on of three doors, one conceals a new car, two conceal old goats. You choose, but your chosen
door is not opened immediately. Instead the presenter opens another door, which reveals
a goat. Her offers you the opportunity to change your choice to the third door that is un-
oppened. Let p be the conditional probability that the third door conceals the car. The
presenters’s protocol is:

(i) He is determined to show you a goat: with a choice of two, he picks one at random.
Show p = 2/3.
(ii) He is determined to show you a goat: with a choice of two goats (Bill and Nan say),

he shows you Bill with probability b. Shwo taht given you see bill, the probability is
1/(1+b).
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(b)

()

(iii) He opens a door chosen at random irrespective if what lies behind. Show p =1/2.

Show that, for o € [1/2,2/3], there exists a protocol such that p = a.. Are you well advised
to change your choice to the third door?

In a variant of this question, the presenter is permitted to open the first door chosen, and
to reward you with whatever lies behind. If he chooses to open another door, then this door
invariably conceals a goat. Let p be the probability that the unopened door conceals the
car, conditional on the presenter having chosen to open a second door. Devise protocols to
yield the values p = 0, p = 1, and deduce that, for any « € [0, 1], there exists a protocol with

p=a.
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