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® Example 1.1 — Running example 1 (Inspired by Gordan Zitkovic lecture notes). Throughout this
chapter the probability space (£, F,P) where 2 = {a,b,c,d,e, f}, F = P(£2), and P uniform will
be running example to demonstrate different notions in a tangible way. The following random
variables defined as

X:(QF)— (1,7), Y:(QF)— (I,7), Z:(Q,F)— (1,I),

where I = {1,...,10} and Z = P([). will be in particular useful:

_fa b c d e f _fa b ¢ d e f _fa b c d e f
‘X_<133557>7 Y_<221177>’ Z_(333322)'
It is also important to describe o(X),o(Y), and o(Z) explicitly. The atoms of o(X) will be
the X~'(1) = {a}, X71(2) = {b}, X' (3) = {c}, X71(5) = {d}, X" M(7) = {e}, X'(11) = {f}.

Thus o(X) = P(2). With a similar argument the atoms of o(Y) is Y™1(4) = {a,b},Y1(4) =
{c,d},Y~1(6) = {e, f}. And finally, the atoms of Z will be Z71(8) = {a,b,c,d}, and Z~1(9) =
{e, f}. In summary

Atom(o (X)) = {{a}, {b}, {c}, {d}, {e}, {f}},
Atom(a(Y)) = {{a, b}, {c,d},{e, }},
Atom(c(2)) = {{a,b,c,d}, {e, f}}.

® Example 1.2 — Running example 2 (inspired from Nima Moshayedi’s lecture notes). N ~ Poisson(\).
Consider a game, where we say that when N = n we do n independent tossing of a coin where
each time one obtains 1 with probability p € [0, 1] and 0 with probability 1 — p. Define also S to
be the random variable giving the total number of 1 obtained in the game. Therefore, if N = n is
given, we get that S has binomial distribution with parameters (p, n). [

® Example 1.3 — Running example 3. I will add some suitable random variable with density function
fx,y(z,y). The goal is to later calculate fxy(z,y) and E [X|Y], etc. TODO: Will be designed
and added later. (]

We will be using the simple lemma below to demonstrate the main ideas of the conditional
expectation.
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Lemma 1.1 — Projection Lemma. Let (2, F,P) be a probability space and X a non-negative
random variable. Then E [X] € R is the unique number that minimizes

E|[|X —n)?]
over all choices for n € R.

Proof. By differentiating and setting equal to zero we will have

d

0= —
dn

E % X — nﬂ —E [|X]] —E [n]].

So
E[X] = n.

Conditional Probability (Discrete Case)
Summary 1.1 Let (2, F,P) be a probability space, and X,Y : Q — I discrete random variables.
Then the conditional expectation E [X|Y] : @ — R:

(i) (Projective definition) is the unique o(Y") measurable random variable that minimizes
E [|X’ — X|2] among all ¢(Y) measurable random variables X’. So E [X|Y] can be
thought as the orthogonal projection of X € L?(Q, F,P) to the subspace L*(Q,0(Y),P).

(ii) (Alternative definition) is a random variable whose values are given as

E[X|Y] (w) =Y nP(X =n]Y =Y (w)).
nel

The nice thing about considering the conditional probability in the discrete case is the ability to
do some explicit calculations.

Proposition 1.1 — Properties of conditional expectation. 1. Tower property: If o(Z) C% o(Y)
then
E [E [X|Y]|Z] =E [X|Y].

2. Pulling out what is known: Let Z be o(Y') measurable. Then

E[XZ|Y] = ZE [X|Y].

® Example 1.4 In the running example in Example 1.1 calculate E [X|Y], E [X|Z], and explicitly
verify if these random variables are ¢(Y) and o(Z) measurable (respectively). Then check the
properties in Proposition 1.1. [

Solution Recall that we had

_fa b c d e f _fa
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Calculating E [X|Y]: So we want to calculate E [X|Y]. Let w € Q. Then
oo
E[X|Y] () =) nP(X =n|]Y =Y(w)).
n=0

When w = a we have

PIX=1Y =2 P(X=3Y =2
(X=1Y=2), PX=3Y=2)

E [X|Y} (a)=1- P(Y =2) ’ P(Y =2)

=(1+3)/2=2.
With a similar argument we can calculate E [X|Y] (b) = 2. Let w = ¢. Then

P(X =3,V =1) P(X =5,Y =1)

E | X|Y =3 - = 2=38.
[X|Y](c)=3 PY =T T T Fw D (3+5)/2=8
With similar calculations we can see that
_fa b c d e f
s = (5454 5 1)
Calculating E [X\Z]: Similar to above, let w = a. Then
PX=1,2=3) _P(X=3,2=3) _PX=32=3) _PX=527=3)
E | X|Z =1 . . . -1 4—=3
[X|Z] (a) F(Z = 3) +3 F(Z=3) +3 F(Z =3) +5 B(Z = 3) (143+3+5)/4=3

And with a similar computation we will get E [X|Y] (e) = 6. So we can write

Measurability of E [X |Y] ,E [X |Z]: Recall the atoms of the o-algebra generated by X,Y, Z as

Atom(o (X)) = {{a}, {b}, {c}, {d}, {e}, {f}},
Atom(o(Y)) = {{a, b}, {c,d}, {e, f}},
Atom(c(2)) = {{a,b,c,d},{e, f}}.

So it is clear that E [X|Y] is o(Y)-measurable, while E [X|Z] is o(Z)-measurable.

Verification of the projection interpretation. Recall Lemma 1.1. Then it immediately follows
that the only function that assumes constant values on the atoms of o(Y") (or o(Z)), hence o(Y)-
measurable (or o(Z)-measurable) is the function that assumes the average value of Y (or Z) on
the atoms of o(Y) (or ¢(Z)) with the law £(JA) (or £(]B)) where A is an atom of o(X) (or where
B is an atom of o(Y)).

Checking the Tower property. For an easier notation we will write Xy = E [X |Y], and
Xz =E[X|Z]. Then

E[E[X[Y]|Z] (a) =E[Xy|Z] = (2+2+4+4)/4=3,

and similarly we can compute

eEpnid=(5 5 55 5 4)
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And similarly we can compute

In this case that the sample space and the random variables are finite, this property exactly
translates to the fact that in order to compute the average of say n numbers, it is the same if we
compute the average for the some disjoint sub-collections and then average those average values.

Checking the pull out property. Let W be a random variable that is o(Y") measurable, say
given as

Then

_fa b ¢ d e f
WX_(5 15 18 30 35 49)

fa b ¢ d e f
IE[VVXD/}_(lO 10 24 24 42 42)'

So we can compute



In this chapter I will cover the proofs, problems, and etc that are left to the reader. I will also add
some remarks as I read through the text. I will also add some theorems and their proofs that are
hard to understand in the text but I have made some helpful remarks.

B Problem 2.1 We define the discrete conditioning as

P/(A) = P(AB) = %

where A, B € F are measurable sets. Furthermore, we define the conditional expectation of a
non-negative, or L! random variable X as

E[15X]

E[XIB] = 5%

Show that E [X|B] = Ep [X].

Solution We first show this for a random variable given as
X =alp

for some A € F. Observe that

]E[p/ [X] = E]p/ [Ol]].A] = OlE]p/ []lA]
= aP'(A) = aP(A|B)
P(AN B)
P(B)
E[1415]
P(B)
E [Oz]lA]lB]
P(B)
E[X15]

- ~5(m —EXIB].

=«

Using the linearity of the expectation, the conclusion above also follows for a simple random variable
X =3" a;lp, for B; € Fforalli =1,...,n. Let X be a non-negative random variable. We can

9
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construct a sequence of random variables {X,} such that X,, 1 X. From monotone convergence
theorem we have Ep/ [X,,] T Ep [X], as well as E[15X,,] T E[15X] as n — co. Since each X, is a
simple random variable we also have

Bp [Xp] =

Letting n — oo on both sides of the equation above we will have

E[X15]

]EIF” [X] = P(B)

And finally for the case that X € L' we can write X = X* — X~ where X and X~ are
non-negative random variables and using the linearity of expectation it also follows that

E[X15]

]E[pw [X] = W

Definition 2.1 Let X € L!(Q2, A, P) be a random variable and Y : (Q, A) — (E,2F) be a random
variable that assumes its values in a countable set E. The conditional expectation of X knowing
Y is defined as

E [X]Y] = o(Y),

where ¢ : E — R is given as

oly) = {E[pr—y} yeE

0 y¢ E"’
where E' = {y € E:P(Y =y) > 0}.
Alternatively, let B,, = Y ~1(n) for n € Y. Then B = {B,}nck is a countable partition

for Q. Let BD B’ = {B € B:P(B) > 0}, i.e. those sets in the partition that has value zero.
Then the conditional expectation of X knowing Y is given as

E[X|Y]= > E[X|B]1s.

where E [X|B] = E[X15] /P(B) is as defined in Le Gall, page 228, first section of the page.
Observe that with this definition it automatically follows that X = 0 on any B ¢ B'.

® Remark Note that the value of ¢(y) when y € E’ can be any number and this will change
E [X |Y} only on a set of measure zero. But it is convention to set it to be zero.

Theorem 2.1 Let Y : (2, A) — (E,2F) be a random variable where E is a countable set. Let
X € L'(Q, A,P). Then we have E HE [X]Y] H < E[|X]], and thus

E [X|Y] € L', A,P).
Furthermore, for every bounded o(Y')-measurable random variable Z we have

E(ZX] =E[ZE [X|Y]].
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Proof. Proof for E [X|Y] € L'(©2, A,P): I will provide two proves for this. The first one is an
elaborated version of Le Gall’s proof, and the second one is my proof based on the stuff you can
read in the appendix of this note.

o Proof (1) For Le Gall’s proof we we will have

E HE [X|Y] H - Z/IP’(Y — ) ‘IE (XY =y ‘ .

Note that for this step we used the definition of expectation for a random variable that takes
countably many values (i.e. E [X |Y] ). Note that since Y takes countably many values, then
by the definition of E [X|Y] (see Le Gall Definition 11.1), E [X|Y] also assumes countably
many values. Furthermore, note that E' = {y € E: P(Y = y) > 0}. A different way to write
this is to use the partition generated by Y. L.e. we can write

E[[E[xV]|] = X PB) [E[X18]|

Bep’

which is exactly the same as the first expression replacing {Y = y} with B and changing the
summation index accordingly. So we will have

E||E[x1¥]|] = Z P(Y = y) | [X]Y = y]|

E [ X1iy—y]
= Z P(Y =y) w

yeE'

= (E [X]l{yzy}”

yeE’

< Z E “X‘ ILY:y]

yeE’

=E [[X] Y Loy
yeE’

—E[|X]].

« Proof (2) For this proof we will use the fact that since E [X|Y] is ¢(Y)-measurable, then
we can write it as

E[X[Y] =) E[X|Y =y]1y-,
yeE’
or equivalently
E[X|Y]= > E[X|B]1s,

BeB’

where E’ and B’ are as in Definition 2.1. For simplicity for the notation we will write
agp =E [X \B]
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So we will have

E[[E[xv]|| =E

Z OéB]lB

BeB’

<E Z lap|1p

| BeB’

> Elas|1s]

BepB’

Z las| P(B)

Bep’

E|[X1p
:B%’ H[J’<B>”P(B)

< Z E[1X|15]

Bep’

=E [|X] ) 1p

Bep’
—E[|X]].

Proof for E[ZX]=E [ZE [X|YH Since Z is o(Y)-measurable, by Proposition 8.9 Le Gall, we
can find a bounded function ¢ such that Z = p(Y). So we can write

E[ZE [X|Y]] =E [¢(Y)E [X]Y]]

=) eWE [X]Y =y|P(Y =y)
yekE

=Y CW)E [X1y—y]

yeE

=E [ X o)ly—y
yeE

=E[XZ],

where we have used the Fubini’s theorem to interchange E with sum, and also we used the fact
that Z =3 p¢(y)Ly=y (that follows from Z = ¢(Y)).
O

B Problem 2.2 In the properties of conditional expectation of random variables in Le Gall (page
234-245), right after part (d) he concludes that using the property (d) for any non-negative random
variable (Y},)nen we have

E lznjyn’gl = zn:E [¥,,|B] .

Prove this!
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Solution Since (Y, )nen is non-negative, then the sequence of partial sums form an increasing
sequence > " | Y, = X,,, >, Y,,. Using the linearity of conditional expectation we can write

B> va|B| =D E|v.|8].
n=1 ] n=1
Taking the limit of both sides and using the property (d) we will have

ZYR)B- =Y Ev,I8].

E

Proposition 2.1 — Properties of conditional expectation for integrable random variables. Let X €

LY(Q, A,P). Then we have
(a) If X is B-measurable, then E [X|B] = X.
(b) The mapping X — E [X|B] is linear on L'(Q, A, P).
(c) If X € L1(Q, A,P), then E [E [X|B]]| = E[X].

(d) If X € LY(Q, A, P), then ’E [X|B]‘ < E [|X]|B] a.s. and consequently, we have
E||E[x18]|] <E[IX].

There for the mapping X — E [X|B] is a contraction mapping of L'(Q, A, P).
(e) Let X, X' € L'(Q, A,P) where X > X’. Then it implies that
E [X|B] > E [X'|B].
Proof.  (a) By definition of conditional expectation for integrable random variables (see Theorem
and Definition 11.3 Le Gall) the conditional expectation of X is a unique (up to a set of

measure zero) B-measurable random variable. On the other hand X is itself a B-measurable
random variable. So E [X|B] = B almost surely.

(b) Let X, X’ be two random variables and «, 8 € R. Then for all random variable Z that is
B-measurable we have

E[Z(aX + BX')] =E [ZE [aX + 8X'|B]].

Using the linearity of expectation, as well as the characterization of conditional expectation
(11.1 Le Gall), for the LHS we have

E[Z(aX + BX')] = aE[ZX] + BE [Z2X'] = oE [ZE [X|B]] + AE [ZE [X'|B]]
=E [Z(aE [X|B] + BE [X'|B])] .
Thus we have
E [ZE [aX + 8X'|B]] = E [Z(aE [X|B] + BE [X'|B])] .

This implies
E[aX + BX'|B] = oE [X|B] + BE [X'|B]  a.s.
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(¢) Observe that constant random variable X = 1 is a B-measurable random variable. Using the
characterization (11.2 Le Gall) it implies that

E[X]=E[E[X|B]].
Equivalently, we can use the characterization (11.1 Le Gall) where we take B = . Thus

E[X] =E[1oX] =E [1oE [X|B]] =E [E [X|B]].

(d) First, observe that for any random variable X > 0 implies E [X|B] > 0. For X € LQ, A, P)
we can write

X=X"-X".
Thus we can write
[ [x18]| = [E[x*|8] + E [x~18]| < |E [x*15]|+|E [x~|8]| = E [x*|B]+E [x~|5] =E[1X]|5].
The second part (the mapping being a contraction) follows immediately
|E (x18]|l, = E [[E[X15]|] <E [E[1X]18]] =E[1X]] = | X]I
(e) We again use the fact that X > 0 implies E [X|B] > 0 (see Lemma below for the proof).
The using the linearity of conditional expectation we have
0<E[(X—-X')B] =E[X|B] -E [X'|B].

This implies that
E [X|B] > E[X'|5].
O

In the proof above, we used the fact X > 0 implies E [X |B] > 0. We prove this fact in the
following Lemma.

Lemma 2.1 Let X > 0 be in L!(Q, A,P), and B any sub o-algebra. Then E [X|B] > 0 almost
surely.

Proof. We simply use the characterization (11.1 Le Gall). Let B € B. Then
E[1pX] = 13E [X|B].
We know the LHS is non-negative for all B € [B]. This implies
E [1sE [X|B]] >0, VBeB.

Then it implies that
E [X |B] > 0.

Summary 2.1 — Conditional expectation. Le Gall starts developing the theory of conditional ex-
pectation by first considering the discrete conditioning. Then he generalizes it to conditioning
with respect to some o-algebra where the theory is developed for L' functions. Finally, he
derives the notion of conditional expectation generally for any non-negative random variable
that can be unbounded and even not integrable. However, for general random variables, we



15

I need the condition of integrablity L' to make the reasoning above for X and X~ separately. I

Proposition 2.2 Let X,Y be real random variable and assume that Y is B-measurable. Then
E [YX|B] = YE [X|5]
provided X and Y are both non-negative or X and XY are both integrable.

Proof. First we assume that X,Y are both non-negative. Then using the characterization condi-
tional expectation for non-negative random variables (see 11.3 Le Gall), for any Z a B-measurable
random variable we can write

E[ZE [xY|B]] =E[XYZ] =E [(2Y)X] =E [2YE [X|B]],

where we used the fact that YZ is B-measurable (since both of them are B-measurable). Again
using the characterization of conditional expectation for non-negative random variables (11.3 Le
Gall) we can write
E [XY\B] =YE [X|B} .
Now it remains to show this for the case when X and XY are both integrable random variables

(i.e. are L'). Then we can have the same argument as above for X = X* — X~ as well as
Y=Yt-Y". O

Summary 2.2 — Some notes on independent events. Let A € A be an event. We can depict this
event as the following Venn diagram.

Q

A°

Let B € A with P(B) = p. Then B is independent of A if and only if B occupies p proportion
of A and its complement A°. Le. the part of B that is in A should have P(A N B) = pP(A)
and the portion of B that is in A¢ should also have P(A° N B) = pP(A€) (this is literally the
definition of independence). For instance, if P(B) = 0.2, then B should be such that occupies
20% of A and 20% of A¢. A possible Venn diagram is

Q
A€ "

Now to understand the meaning of independent random variables we first need to understand
the notion of independent o-algebras. Considering the summary above it is very easy to charac-
terize this notion intuitively. Consider the following summary for more details.

Summary 2.3 — Independence of o-algebras. The independence of two o-algebras is easiest
to understand to understand when considering the atoms of o-algebras. One might argue
that not all g-algebras will have such simple atoms. But the general philosophy of a theory
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in mathematics (for me at least) is to simply say “that weird infinite dimensional and non
imaginable object is (axiomatically) the same thing as this simple object that you can imagine
and work with”. That is why we will provide only the intuitive explanation here and the whole
theory that we will be developing will make sure that a similar kind of behaviour is also true for
very complex situations that we are not even close the imagine them, let alone have arguments
about them.

Let By and B are two o-algebras with atoms A; = {B;} and Ay = {4;}. For instance,
Ao can be depicted as below

Ay Az As

As
Ay

Then B; is independent of By if every atom of B; occupies the P(B;) proportion of each
A;. For instance if P(B;) = 0.3 then P(B; N A;) = 0.3P(4;) for all A;. For instance we can
depict this as the follows.

Another way to write this is for every B € B to have
E [15]B:] = P(B).

And we say that two random variables X,Y are independent, if their generating o-algebras
are independent. For example, let d,, and d,,, be two dyadic functions. If n # m then d,, and
d,, are independent.
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dy
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do

1
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|
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1

The atoms of the generated o-algebras by these random variables is
A ={(0,1/2],(1/2,1]}, A2 ={(0,1/4]U(1/2,3/4],(1/4,1/2] U (3/4,1]}.
It is easy to check that the sets in these atoms are independent.

m Example 2.1 Using the characterization of independent above, it is easy to prove some properties
of conditional expectation (at least for discrete case where we can use the characterization above).
Using this characterization prove that if B; and B, are two independent o-algebras, and if X is By
measurable, then we have

E I:X‘BQ} =E[X].

Solution Denote the atoms of By and By by A; and Aj respectively. Then we can write X as

X = Z aiILB.

Be A,

So using the linearity of the conditional expectation we can write

E[X|B] =E | ) ainB’BQ = > aR[1p|B] = > oPB)=E[X].
BeA; BeA; BeA;

Proposition 2.3 Two sub-c-algebras B; and By are independent if and only if for every B € Bo,
we have E [15|B:] = P(B).

Proof. We assume that B; and Bs are independent (for the definition of independent o-algebras
see Le Gall page 169). Let B € B; and Z any Bs-measurable random variable. By characterization
of conditional expectation (11.3 Le Gall) we can write

E [ZE [15|B]] = E[Z15]
=E[Z]E[15] (by independence of 15 and Z)
=P(B)E[Z]
=E[P(B)Z]. (linearity of expectation)
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This implies that
E [1B|82] = P(B) a.s.

Let By € By and By € By, We want to show P(By N By) = P(B1)P(B3) or equivalently
E[lp,15,]=E[lp]E[lp,]. To see this we can write

E[lp, 1ps] =E []IBIIE (15, |Bl]] (characterization of cond. expec.)
=E [15,P(B:)] (by assumption above)
=P(By)E[1p,] (by linearity of expec.)
= P(B2)P(By).

O

Proposition 2.4 If B; and B, are independent, we have E [ X|B;] = E [X] for every non-negative
By-measurable random variable X and for every X € L*(£, By, P).

Proof. Assume X is non-negative random variable that is Bo-measurable. Let Z be a B1-measurable
random variable. Then using the independence of o-algebras we can write

E[XZ]=E[X|E[Z] =E [E[X]Z].

Thus this satisfies the characteristic property (11.3) and thus E [X|B;] = E[X]. When X is L'
then we can have the same argument for each negative and positive parts X = X — X . O

Summary

Summary 2.4 — Conditional Expectation - Connection to the Old. In the undergraduate proba-
bility book, Ross, we have the following classic problem. Y7, Y5, .- arei.i.d. random variables,
and N is a non-negative random variable assuming values in N, and X =Y; +---+Yy. Then
we are interested in calculating E [X]. The way that Ross handles this problem is to write

E[X] =) E[X|N =n]P(N =n). M

Then it is easy to calculate E [X|N =n] =E [Y©, ¥;] = > E[Y;] = nu and we get

E[X] =) nuP(N =n)=p>» nP(N =n)=uE[N].

But how we can derive the useful formula (&) with the principles of this chapter. The answer
is to use the trick 1o =) .y 1n=n. Then we can write

EX]=E |X) 1y—n| =D E[Xly—y]=> E[X|N=n]P({N =n).

where we have used the definition in page 228 Le Gall. the interchanging expectation with
sum requires justification that is not in our focus right now.



3.1.1

Conditioning

Here we will discuss the prove that if E[X] < oo then E [X|B] < oo as proved in Durret Lemma
4.1.1. This is analogous to the proof (c) page 232 in Le Gall.

I Proposition 3.1 Assume E [|X|] < co. Then Y = E [X|B] < cc.

Proof. We can write Y as
Y=Yt -Y".

For Y we have E [Y*] < co. Indeed, for A ={Y > 0}
E[Y*] =E[Y14] =E[X14] <E[|X|14] < co.
Similarly for Y~ we claim E [Y‘] < 00. To see this we can write
E[Y~] =E[14(-Y)] =E[Lac(—X)] <E [Lae |X]] < o0.
This implies E [Y"’] +E [Y‘] < oo. Using the fact that Y = Y+ + Y~ and using the linearity of

expectation we can write

E[|Y]] < oo.

Solved Problems

B Problem 3.1 — Bayes’ Formula. Let G € B and show that for any A € F

[, P(A|B)dP

FGl4) = Jo P(AIG)dP

When G is the o-algebra generated by a partition, this reduces to the usual Bayes’ formula

_ P(A|GH)P(GY)
P(G;]A) = >, PIAIG)B(Gy)

19
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Solution We start with the definition of P(G|4) = P(G N A)/P(A). For the numerator we can
write

P(GNA)=E[lgly] (by definition)
=E []lgE []1A|QH (using characterization of cond. expec.)
=E [1cP(4]9)] (by definition)
= / P(A|G)dP.
G
Similarly, for the denominator we can write
P(A) = E[14]
=E [E []1A|g}] (by characterization of cond. expec.)
=E [P(4]9)] (by definition)
= / P(A|G)dP.
Q
Thus it implies that
Jo P(A|B)dP
P(G|A) = F——F—.

B Problem 3.2 Prove conditional Markov’s inequality. If Y is a non-negative random variable and

a > 0, prove that
E[Y|F]
P(Y > a|F) < —

Solution Since X is non-negative and a > 0 then we have
Y >alys, (see Le Gall page 25).

Using the monotonicity of conditional expectation (See property (e) page 232 Le Gall), we can
write

E [Y|F] > aE [lysa|F] = aP(Y > a|F).

Then it follows that
E [Y|7]
P(Y >alF) < ——.
a

® Problem 3.3 Prove conditional Chebyshev’s inequality. If a > 0, then

E [X?|F]

P(|X| > alF) < U

Solution This follows immediately from the result of the question above. Indeed

E[X2|F
P(X| > al) = POX? > a?l7) < S 7L
where for the last inequality we have used the result of the question above (i.e. the conditional

Markov inequality).

B Problem 3.4 Give an example on Q = {a,b,c} in which

E[E [X|A] 7] #E[E [X|72] |7].
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Solution Let F; and JF> be given as

Fi= G({avb}v {C})v Ja = {{a}a {b,C}}.

Let X be a random variable defined by X (a) = 1, X (b) = 3, and X (c) = 5. We can denote this
mapping with the following convenient notation.

a b ¢
X = (1 3 5) ’
Then we can calculate

E[Xm:(g ) 5) E[X'f”:(cf

Furthermore, it is easy to calculate

E [E [X|7]17] = (g 31.)5 3C5> E [E[X|F] |F1] = (;5 21.)5 Z)

>~ o
=~ 0
N——

® Problem 3.5 Show that if G C F and E [XQ] < 00. Then
E [(X . ) [X\]?])Z] +E [(E [X|F] —E [X|g])ﬂ =E [(X ~E [X\g})Q] .

Dropping the second term on the left, we get in inequality that says geometrically the larger the
subspace the closer the projection is, or statically, more information means a smaller mean square
error.

Solution We can expand the quadratic terms and using the linearity expectation we can write
E[(X - E[X|F])?] +E[(E [X|F] - E[X|F])?]
=E [(X —E [X|F))* + (E [X|F] - E[X|g])?]
=E [X?+E [X|F]* - 2XE[XF) +E [X|F]* + E [x|¢]* - 2B [X|F] E [X|d]
=E [X?] +E [E [X|F]’| - 2B [XE[X|F]] +E [E [X|F]’| + E[E [X|¢]°| - 2E [E [X|F] E[X|G]]
Observe that

E[E[X|F]’| =E [E[X|F]E[X|F]] =E [E [XE [x|F] |F]| =E [XE [X|F]]

And also
E[E [x|F]E[X|d]] = [E [XE [x|g] |F]] = E [XE [x]5]]

where we have used the fact that since G is a sub-o-algebra of F, E [X |g] is F-measurable.
Substituting the identities above in our calculation before, we will get

E [(X - E [X|F))?] + E [(E [X|F] - E [X|g])?]
—E |X* +E [X]¢]" - 2XE [X|9]]
=E[(X -E[X]5))?].

B Remark The equality above is the analogue of the Pythagorean theorem as depicted below.
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E[XT]F]

Bfx16]

a? 4+ b2 =c?

® Problem 3.6 An important spacial case of the previous result occurs when G = {@,Q}. Let
Var(X|F) = E [X?|F] — E [X|F]”. Show that

Var(X) = E [Var(X|F)] + Var(E [X|F]).
Solution Using the result of the question above, and observing that E [X|G] = E [X] we can write
E[(X —E[X|F])?*] +E [(E[X]F] —E[X])?] =E[(X —E[X])?].

The expression on the right hand side is Var(X). And using the fact that E[X] = E [E (X |.7-"H7
then second term in the left hand side is also Var(E [X|F]). On the other hand observe that

E[E[X|F]’| =E [E[X|F] E[X|F]] =E[E [XE [X|F] |F]| =E[XE[X|F]],
we can write
R T SN Tt S|

where we have used the fact that E [X?] = E []E [X2|]-"H.
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