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Introduction:

In this document, I have presented interesting questions in Real analysis. The questions are
gathered from different books and websites (all of which are referenced). However, the solutions
are written by myself, thus there is always a chance of mistake. Please let me know via email if

you spot any.
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1.1

Sets and Functions

Basic Set Theory

Question 1. If A, B and C are sets. prove the followings:

(a)
(b)
()

AN(BUC)=(ANB)U(ANC).
C\(AU B) = (C\A) N (C\B).
C\(ANnB) = (C\A) U (C\B).

Answer.

(a)

Proof. Let P,Q, and R be logical statements. We can show (using the truth table) that the
following biconditional implication is a tautology.

PA(QVR)= (PAQ)V(PAR).

Now let x € AN(BUC). Then z € AA(x € BVaz € C). Using the tautology above
we can write (r € AANx € B)V(z € ANz € (), thus x € (AN B)U (AN C), which
means AN (BNC) C (ANB)U(ANC). Conversely, let x € (ANB)U(ANC). By
definition (r € ANz € B)V (x € ANz € C). With the similar logic as above we can infer
(ANB)U(ANC)C ANn(BUC). Thus AN(BUC)=(ANB)U(ANCQC). O

Proof. Let x € C\(AU B). By definition z € C ANz ¢ (AUB) s z€CAz€e AUB& 1€
ChzeANBexeCA(xé¢ ANz ¢ B). Finally, using the following tautology

PAQAR) < (PAQ)A(PAR),

we can write (x € CAx ¢ A)A(x € CAzx ¢ B) & x € (C\A) N (C\B), thus C\(A U
B)subset(C\A) N (C\B). The converse can be shown is true following the similar logic as
below, thus inferring C\(AU B) = (C\A) N (C\B). O

Proof. Let x € C\(AN B). By definition x €« CAx ¢ (ANB) e rxecCAzec ANB &
reCAzx e AUB & ze€ CA(z ¢ AV ¢ B). Using the tautology in section (a), we
can write (t € CAz ¢ A)V(x € CAxz ¢ B) & x € (C\A) U (C\B), thus C\(ANB) C
(C\A)U(C\B). The converse can be shown is true following the similar logic as below, thus
inferring C\(AN B) = (C\A) U (C\B). O



1.2 Functions

Question 2. Let f: A — B. Let C,C, and Cs be subsets of A, and let D be a subset of B.
Prove the followings.

(a) If f is one-to-one, then f(C1 NCy) = f(C1) N f(Cy).
(b) If f is one-to-one, then f~1(f(C)) = C.
(c) If f is onto, then f(f~1(D)) = D.

Answer.

(a) Proof. Let C1,Cy € A. Then f(C;NCy) ={ye€ B:y= f(zx),r € C1NC} ={y €
B:y= f(zx),z € C;1 ANz € C2}. Let § € f(C1 NC2). Then from the definition above,
g = f(Z) st. & € Cy AT € Cy. Using the definition of function, we can write § €
f(Cl) AN g S f(CQ) =4 g S f(Cl) n f(OQ) Thus f(01 N 02) C f(Ol) n f(CQ) COHVGI‘SGly, let
y € (f(C1) N f(C3)). Then by definition

Yy < f(Ol) =dry €C) st y= f(.l?l),
Yy e f(CQ) = dzo € Cy s.t. y = f(l’g)

Since f is one-to-one, then f(z1) = f(z2) = . = 1 = 2. Thus ¢ € C1 NCy,y = f(x) €
f(C1NC2). So f(Cy) N f(C2) C f(C1) N f(Cz). Finally we can conclude f(Cy N Cy) =
fF(C) N F(Ca). O

(b) Proof. Let C € A, and a € f~1(f(C)). Since f~1(f(C)) = {z € A: f(x) € f(C)}, then
f(a) € f(C). Thus Jz. € C s.t. f(a) = f(x.). Since f is one-to-one, then a =z, < a € C.
So we will have f=1(f(C)) c C .Conversely, let a € C. Then by definition f(a) € f(C) <
fla) € f7Hf(C)). So C C f71(f(C)). So we can conclude f~1(f(C)) = C. O

(c) Proof. Let D C B, b € D. Since f is onto, then Ja € A s.t. b = f(a), thus a € f~1(D).
And by definition b € f(f~1(D)), thus D C f(f~1(D)). Conversely, Let b € f(f~*(D)).
Then Ja € f~Y(D) s.t. f(a) = b, hence from definition it follows that b € D, implying
f(f~Y(D)) C D. So we conclude that f(f~1(D)) = D. O



Question 3. For all sub-sections of Question 2 construct a specific example in which the indicated
equation fails. (Of course the given hypothesis will have to be false too.)

Answer.

(a) includeQ4a.tex

(b) From the figure below, it is clear that € f=1(f(C)) but ¢ C, thus f~1(f(C)) ¢ C.

(¢) In the figure below, the set D C D, shown as a shaded region, has not been mapped (since we
assume that f is not onto). Then for any b € D we have b ¢ f(f~1(D)), thus D ¢ f(f~1(D)).
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Question 4. Question 8. Let f: A — B and let C C A. Answer the followings.

(a) Proof or counterexample: f(A\C) C f(A)\Sf(C).

(b) Proof or counterexample: f(A\C) D f(A\f(C).

(c) What condition on f will guarantee f(A\C) = f(A)\f(C).

Answer.

(a) Proof. Let y € B s.t. y € f(A\C). From definition y = f(&) for some & € A\C & & €

ANZT ¢ C. Now construct the function in a way that 3z, € C s.t. f(z,

f(&). Thus f is

not one-to-one. So y = f(Z) = f(z.) € f(C). We can write:

Thus f(A\C) £ fF(A\f(C).

O

(b) Proof. Lety € Bs.t.y € f(A\f(C). Soy € f(A)Ay ¢ f(C). From definition y = f(x1) for
some 1 € A and y = f(x2) for some xo ¢ C. Then if f is one-to-one, y = f(z1) = f(x2) =
T =121 = g, in which z € ANz ¢ C, hence z € A\C. So from definition y € f(A\C) which

implies f(A\C) 2 f(A)\f(C).

O

(¢) f should be one-to-one to guarantee f(A\C) = f(A)\f(C). Proof is provided in (a) and (b).



Question 5.

(a)

(b)

Suppose f : X — X is a function, and define g = f o f. Prove: if g(z) = z for all z € X,
then f is one-to-one and onto.

Extend the results in (a) to the function g = fo fo...o f defined by compositing f by itself
n times. Show that the results is valid for each n € N.

Answer.

(a)

Proof. Lets first prove that f is one-to-one. Let z7 # z2 € X s.t. f(z1) = f(z2). By
definition f(f(x1)) = f(f(z2)) & g(x1) = g(x2) & x1 = 22, thus f is one-to-one.

Now we prove that f is onto. Yy € X, setting z = f(y) € X will yield y = f(z) = f(f(y)) =
g(y) = y. Thus f is onto. O

Proof. First we prove that f is one-to-one. Let z1 # xo € X s.t. f(z1) = f(z2). By

definition f(f(z1)) = f(f(22)) & f(f(f(x1))) = [(f(f(22)) & FU(. flz2)..)) =
FUfC. f(z1)..) © g(x1) = g(z2) © 21 = 22, thus f is one-to-one.

n—1

—_——
Now we prove that f is onto. Vy € X, setting x = (fofo...of)(y) € X will yield

——
y=f(x)=(fofo...of)(y) =g(y) =y. Thus f is onto.
Now by induction we can infer that this is true Vn € N. O



Question 6. Let f: A — B and g: B — C be given functions. Use the symbol g o f to denote
the function from A to C defined by (g o f)(z) = g(f(x)) for all z € A. Prove the followings.

If f and g are one-to-one, then g o f is one-to-one.

(a
(

)

b) If g o f is one-to-one, then f is one-to-one.

(c) If f is onto and g o f is one-to-one, then g is one-to-one.
)

(d) It can happen that g o f is one-to-one, but g is not.

Answer.

(a) Proof. Let x1 # x2 € As.t. (gof)(x1) = (gof)(x2). Since g is one-to-one then f(x2) = f(x1).
Similarly, since f is one-to-one, then x7; = x5, hence g o f is one-to-one. O

(b) Proof. Let 21 # xo € A s.t. f(x1) = f(x2). By definition of a function we can write

g(f(z1)) = g(f(z2)) © (go f)(z1) = (go f)(x2). Since go f is one-to-one, then z; = 5.
This then implies that f is one-to-one. O

(¢) Proof. Let by # by € B s.t. g(b1) = g(be). Since f is onto, then for by,bs € B,3a;,as €
A, s.t. by = f(a1),b2 = f(az). So we can write g(f(a1)) = g(f(az)). Since go f is one-to-one,
a1 = az. From definition of a function it follows by = f(a1) = f(a2) = ba, hence implies g is
one-to-one. O

(d) Proof. The following figure shows a specific example in which g o f is one-to-one, however g
is not.
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